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ON DIFFUSION FLAMES IN T t J R B U L E N  I S H E A R  VI.Oi ’.S:
MO [)E LIN G R EA C T A N 1  C O N S L I M P r I O N  IN A P L A \ A R  i-l E t .  E l

W. I t . B u s h
V n ive r s i ty  of Ca l i fo r nia , San I ) i . go

La Jol la , Ca l i f o r n ia

and

P. 5. ~~~~j~~ant and F. li. }‘e n d e l l t

~~~~~~ Sy s t e m s  and  E n e r g y  G r o u p
R edo ndo Beach . C a l i f o r n i a

A b s t r a c t  Of c o u r s e , not a l l  t u r b u l e n t  r e t  t i n g  f low s f.~ I 1
i n to the  c a t e g o r y  of t u r b u l e n t  d i l f u s i i I t a m , s , ar i d,

T h e  t u r b u l e n t  por t ion of the plana r fuel  je t .  fo r in t h e s e  o the r  case s , more  g e n e r a l  a p p r t i  L . s
i soba r i c  s u b s o n ic f low , u nder  fas t  d i r ec t  on e — s t e p  ( r e t a i n i n g  the  roles  of f i n i t e - r a t e  c h e t n i c i l  k i n t t tcs
i r r e v e r s i b l e  r e a c t i o n  between unpremixed  fuel and and of m o l e c u l a r - s c a l e  m i x i n g ,  as w i l  as t h a t  of
oxida n t , is anal y z e d .  Mean spatial  prof i les  (or l a r g e - s c a l e  t u r b u l e n t  d i f f u s i o n )  a r e  ne  e s s a r y .
the dependent  v a r i a b l e s  a r e  found n u m e r i c a l l y and It is i n t r i g u i n g  fo r m o d e le r s  to  a t t e m p t  t h e s ,  m o re
ana ly t ica l l y f rom the govern ing  nonl inear  pa r t i a l  compl ica ted  cases , but , f r o m  a p r a c t t ~ at p o in t - u t -
d i f f e ren t i a l  equat ions , based on an explic it edd y view , t u r b u l e n t  d i f fu t , i on  f l ames  r e m a i n  one of l b
d i f f u s i o n , and on a mean rate of reactant eon- most r e c u r r e n t  phenorr iena in c o m b u s t i o n .  I t  so
sumpt ion proport iona l to the product  of the mean p rac t i ca l l y impor t an t  and r e l a t i v e l y s im pl e  prob -
mass f r a c t i o n  of fuel , the mean mass f r a c t i o n  of 1cm cannot  be f ea s ib l y t r e a t e d , t h e n , t h e  ou t l ook
oxidant , and the appropr ia te  local c h a r a c t e ri z a -  for the t r e a t m e n t  of these  m o r  d i f f u u l t  c a s t s
t ion  of the mean ra te  of s t r a in .  R e s u l t s  f rom the d ims.
model a r e  qua l i t at ive l y, and , in many  cases ,
quan t i t a t i ve l y, compat ib le  wi th  exper imenta l  data. The presen t  w o r k  is a lso m o t i v a t e d  by wha t t he

a u thor s  bel ieve  to be a r e a l i s t i t  a p p r a i s a l  of
I. In t roduct ion  ( 1 )  desi gn needs; (2)  a va i l a b l e  e x p e r im e n t a l  d a t a

to serve as b o u n d a r y / i n i t i a l  c o n d i t i o n s to  i n i t i a t e
In many ae ro thermochemical  devices , the a p r e d i c t i o n , a nd as c o m p a r i s o n s  to v a l i d a t e  soc Ii

rapid bu rn ing  of initIall y unmixed , but hi ghl y corn- a p r e d i c t i o n ;  and (3)  c u r r e n t  ph y s i c a l  u n d e r s t a n d -
buet ible , gases is p r e f e r r e d  for control  and ing of t u rbu len t  t r a n s f e r . A r e l at  v e l v  r a p i d  a n d
safety.  The essent ia l  point is that the ra te  of inexpens ive  means of exp l i c i t l y cha r a c t e r i z i n g  t h e
consumption of reactants , and the genera t ion  of a l t e ra t ion  in sys tem p e r f o r m a n c e  as a f u n c t i o n  of
products and of chemical  exothermici ty  a re  usual- a l t e r a t i on  in cont ro l lab le  pa r a m e t e r s  is o f t e n  w h a t
ly controlled by unstead y, inv i scid , iner t ia l , is p r imar i l y soug ht by the des i gn e r .  Pro p e r t i e s
large-scale  mix ing .  Once the  large-scale  s t ruc - of the t u r b u l e n c e  are of ten  not of as m u c h  pra~ t ~ al
tu re  is broken down (to pe rmi t  molecularly con- in t e r e st  as behaviors  of the  dependen t  v a r i a b l e s .
trolled small-scale mixing and chemical mecha - themselves.  In fact , p r op e r t i e s  of t he  t u r b u l e n t  t-
ri isms to proceed),  the formation of product  gas are usual l y not known , and mus t  be a r b i t r a r i l y
occurs  rapidl y. In fact , to keep such devices to adopted at ini t ial  and /o r  b o u n d a r y  S t a t i o n s  in  corn-
pract ical  dimensions , the intuit ively fas ter  mixing putat tons  involving hi g h e r - o r d e r  c l o s u r e s .  W h er e
assoc iated with unstead y, turbulent  d i f fus ion , as sens i t iv i ty  to such  a s s u m p t i o n s  d i s s ip a t e s , t h e
opposed to laminar  d i f fus ion.  is p re fe r red .  (Hence, flow may well be close enoug h to local t u r b u l e n t
if the flow is not na tura l ly unstead y, t r ans i t ion  is equ i l ib r ium that exp l i c i t  l ower -o rde r  c l o s u re s  a r e
often a r t i f i c i a l ly induced. ) Thus , the combustion adequate. Ano the r  problem w i t h  s u c h  h i g h e r-
of unpremixed gases in turbulent  shear flows, or order  c losures  is that  the concep tuall y s y s t e m a t i c
(more succ inc t l y )  tu rbu len t  d i f fus ion  flames, re- developments become ul t imate l y v i t i a t e d  in
mains one of the subjects in aerothermochernist ry  prac t ice , because of the need to adopt r e l a t i v e l y
and most worth y of intense study . a rb i t r a ry s ta tements  c o n c e r n i n g  the i n t e g r a l
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le n g t h  sca le  of the  t u r b u l e n c e  a n d / o r  the  f u n c t i o n a l  r a t e  of h e m i t  a t  r e a c t i o n  is tn ; ) i t i i I e .  a I t  I

f o r m s  of t h e  p r o b a b i l i t y  d i s t  r i b u t i o n  f u n c t i o n s  fo r  adop t ion  of an exp l i c i t  local  ~ l g e b r , i  t . t r l ~’ v i s  -
t h e  de penden t  v a r i a b l e s .  U n l e s s  co n s i s t e n c y i n c os it y ) ex p r e s s io n  f u r  t he  m ea n  r a t  “I d i f f u s i v e

t he level  of a p p r o x i m a t i o n  of a coup led nonl inea r t r a n sp o r t .  It  is b e l i e v e d  t I c i  I :  I t  i t  i s  u c o n s i s  -

s y s t e m  is m a i n t a i n e d , p r o f e s s i o n s  of a c c u r a c y  t e n t  to adopt  a s e c o n d - or d e r  c I t ~s I r i  f u r  i i .

beco me moot.  1 hu e , i n t r i c a t e  f o r m u l a t i o n  neces-  k i n e t i c s  or  eddy t r a n s p o r t . and an t ’xp l i t .  I t or

sa r i l y i n c u r s  a d d i t i o n a l  expense , hut  does not  f i r s t — o r d e r )  c l o s u r e  I t  r l b .  o t ) i . r :  .~ i t  s p r .  -

nece s s a r i l y a c h i ev e  a d d i t i o n a l  va l id i ty . In an al -  m a t u r e  to e x am i n e  s i .n d -u r ’ i t ’ r c I i ~~~i r i  f o r
m ost i n e v i t a b l y se m i — e m p i r i c a l  sub j ec t  as t u r b u -  e i t h e r  the  mean  k i n t i  a t i n  t h e  m e a n  l I t t i s v , .

le nt r e a c t i n g  shea r flow s, the s imp lest  fo rmu - t r a n s p o r t  u n t i l  the  local  e x p l i c i t  a I ~~, r i  I re-
la t io n , a dequa te  in t e r m s  of a v a i l a b l e  data and l a t io n s , i n to  w h i c h  s i c  h f o r m u l a t i t n a  ‘ I r c i n e r i t ,

en g i n e e r i n g  des ign  for  a p a r t i c u l a r , yet  commonl y i n local t u r b u l e n t  e q u i l i b r i u m , a r t  I i  r s t  e x i r t i t n i d

occ ur r i n g ,  ca se , i . e . .  t u r b u l e n t  d i f f u s i o n  f lames , f o r  p l a u s i b i l i t y ;  and ( 3  t h e  a d d i t i o n a l  . ( t n i ) i I , x l t ~
a pp e a r s  w o r t h ide n t i f y i ng. of s e c o n d — o r d e r  c l o s u r e s  f o r  n o n d e f e c t — I i y , r _ t v ~~~.

flow g e o m e t r i e s  (Spalnl i ni g ’0 ’ I I  Oorn s an d  i i c k s

Of specia l  i n t e re s t  he re  is the app l ica t ion  of Spald i n g t 3 ) has  not been j u s t i f i e r )  iv p r oo f  of

mode l ing  of uns tead y d i f f u s i o n  f lames  to d i f f u s i o n -  s u f f i c i e n t  add i t iona l  v a l i d i t y  in p r e d i .  I i ,

t ype  con t inuous  chemica l  l ase rs,  in w h i c h  hig hl y fo r  d e f e c t - l a y e r -t y p e  g e o m e t r i e s ,  e x p l t  i t  l u .

dissoc iated f l u o r in e  r eac t s  w i th  b imolecu la r  su r e s  a re  q u i t e  c o m p e t i t i v e  w i t h  St  , n l - o r r . i
hy drogen  (Or d e u t e r i u m)  to f o r m  an ac t iva ted  c l o s u r e s  ( R ey n o l d s  14 )
p roduc t .  For  this  pa r t i cul a r case , a d i r e c t  one-
step i r r e v e r s i b l e  chemica l  react ion is the ac tua l  The  presen t  model has  been st u d i , ) in  ‘ I t - t a i l
c h e m ical  mechan is m , not a s imula t ion  ( K e r b e r . for  the  m ix i n g  la y e r  f o r m e d  b y t w i t  pa r a l l e l

Emanuel  and W h i t t i e r  1 ) ,  C hemical lasers  operable s t r eams,  a g e o m e t r y  of i n t e r e s t  t o w a r d s  t h e  end
at hi gher  cav i ty  p r e s s u r e  levels are of in te res t;  of the las ing  zone in a d i f f u s i o n - t y p e  o n t i n u o u s

suc h hig her  levels  st i l l  leave th ree-bod y reac t ions  chemica l  laser  cav i t y  ( B u s h . F e l d m a n  a nd
neg li g ibl y slow re la t ive  to the two-bod y mechanism. Fendell 9 ). However , w he r eas t h e  b i l l y - d e v e l o p )

While hig her  p r e s s u r e  i nc rease s  the  degree  of mix ing  layer  is t r a c t a b l e  f o r  ana l y s t s ,  i t  is  d i f t i -
uns tead iness  in the flow field , the Reynolds  n u m -  cu l t  for  e x p e r im e n t al i s t s ,  a n d , t i u s , so me em-
bers a r e  small enoug h that  convent iona l  concepts p ir i c a l  cons tan ts  in the  t h e o r y  r e m a i n  u n a s s i g n e d
of ful l y-developed t u rbu l ence  do not app ly to the fo r  lack of data. E x p e r i r n e n t a l i s t s  have  t r e a t e d
pumping.  Zn fact,  cons idera t ion  of the large-  the fuel jet exhaust ing  into an o x id a n t - c  on t t a t n in ~
scale s t r u c t u r e  recent l y emphasized in transitional ambien t  (e. g . ,  Hawthorne .  W e d d e l l  an d  l i o t t e l  I -

and unstead y shea r flow is
3
doubt lessl y re levant  K rem e r 16 ; Kent and B i lg e rH  l3il~~er a n d  B e c k l M ,

(Davies and Yule 2 ; Roehk o  ). Modificat ions of the and , under  the  a s sumpt ion  tha t  v a l u e s  for  e m p i r i -
la rge-scale  struc ture  at hig her Reynolds  numbers  cal fac tors  a r e  t r a n s f e r r ab l e  between t h e  iteo-
do not appear pe r t inen t,  met r ic s , a solut ion is soug ht h e r e  fo r  t h e  two-

dimensional  fuel  jet .  The ma jo r  new f e a t u r e
For such la rge-sca le  s t r u c t u r e , both a local in t roduced by the fuel  je t , w i t h o u t  c o u n t e r p a r t  in

instantaneous theory  for  unsteady d i f fus ion  flames the ( downstream) m i x i n g  l aye r , i s t h e  p lane  of
(Bush and Fersdell4 ; C a r r i e r , Feridell and Marble5 ; a n t i sy m m e tr y  for the p r i n c i p a l  mean  St r a i n  r a t e
C a r r i e r  and Fendell 6 ), and also a mean theory  for ( h e n ce f o r t h  r e f e r r e d  to as a t i n e  of s y mm e t r y .
the t ime-averaged  descr ip t ion  (Bush and Fendell~~ ; since a t r a n s v e r s e  c r o s s - s e c ti o n  onl y n ee d s to be
Bush,  Feldman and Fendell 9 ) have appeared in the considered) .  Because the  mean s t r a i n  rate is odd
l i t e r a tu re .  The model is par t icular ly sui table for about the axis , c l ea r l y,  it is the ma g n i t u de of t h e
those cases,  such as hy drogen-f luor ine  cold-step s t r a in  rate that  is re levant  fo r  m o d e l i n g  the  mea n
c h e m i s t r y ,  in which  the f i r s t  Damkóhler number is consumption rate.  The  qu e s t i o n  has been r a i s e d
large. so that , instantaneously, a thin flame arises , as to whether  a model g i v i n g  zero  r e a c t i o n  ra te
(Large  f i r s t  Damk’dhler  number implies that the at the axis can be used to desc r ibe  m e a s u r e d
reaction ra te  is large relat ive to the flow rate , so propert ies  of t u r b u l e n t  jet  

f~~r wake t f lo ws w i t h
tha t the aerothermochemical  system is in . or very d i f fus ion  flames ( W il l i a m s  ), and t h i s  poi n t is
close to , chemical equ i l ibr ium. ) In such cases , in to be resolved below . Because  t h i s  w o r k  is moti-
t ime-average, the mea n rate  of reactant con- vated by in te res t  in pumping phenomena in the
sumption Is taken to be related to the product of cavi ty  of a d i f f u s i o n - t y p e  c o n t i n u o u s  c h e m i c a l
the mean mass f rac t ion  of oxidant , the mean mass laser , as noted ea r l i e r , t h i s  q u e s t i o n  d e f i n i t e l y
f rac t ion  of fuel , and the princ ipal mean s t ra in  w a r r a n t s  an answer :  the u p s t r e a m  end of t he
rate (fo r the parabolic formulat ion appropria te  for pumping zone has w a k e - l i k e  cha r a c t e r  t h a t  evolves
the th in  shea r layers of In teres t  here) .  It is argued into m i x i n g - l a y e r - l i k e  cha r a c t e r  onl y towa rds  t he
tha t , in general , the magni tude of the p r inc ipal downstream end of the pumping  zone in c h e m i c a l
mean strain rate indicates  the level of local chemi- lasers  (Gro h s 20 ). Capac i ty  of the  model to t r e a t
cal a c t i v i t y In a turbulent  d i f fus ion  flame In which a tu rbu len t  d i f fus ion  f lame for  the  p la n a r - j e t  con -
mac roscopic mixing Is ra te-contro l l ing,  f igurat ion , w i t h  its plane of a n t i s y mm e t r y  fo r t h e

principal  mean s t r a i n  ra te , and to t r e a t  such a
The expl ic i t  local algebraic (as opposed to field- flame for the mix ing - l ayer  c o n f i g u r a t i o n , w i t h

type d i f f e r e n t i a l )  expression adopted for the mean its plane of s y m m e t r y ,  sugges t s  tha t  the  model

2



ca n t r ea t  the  t u r b u l e n t  d i f f u s i o n  f l ame  for  a wake  t u r b u l e n t  i t t  d i f f u s i o n  f l am e s  t h a n  fo r  p lana r t u r ) i i i -
ev o l v i n g  in to  a mix ing  l a y e r .  lent  je t  d i f f u s i o n  f l am e s , th ~ p l ana r c a s t -  i s  b e i n g

deve lo ped h e r e  for  t wo  r e a s o n s .  On. is t h a t  i - x i s -
It  is w o r t h w h i l e  to r eca l l  some w e l l - k n o w n  t i n g  d i f f u s i o n - t y p e  c o n t i nu o u s  c h em i  a l  l a s t  rs .

p r o p e r t i e s  of t u r b u l e n t  je t s , in o r d e r to de l inea te  u l t i m a t e l y m o t i v a t i n g  t h i s  ~~o r k , i n v o l ve  a p l a n t  r
t he  p o r t i o n  of the  flow f i e ld  of p e r t i n e n c e here,  g e o m e t r y .  I he o t h e r  r e a s on  is t h a t , t o n  s i i i o l i -
When  f l u i d  emerges  f r o m  a n o z z l e  into the  .tagn~~ t c i t y ,  a s e l f — s i m i l a r  r ep r e s - n t a t  Ofl 01 t h e  f low
a m b i e n t , m a r g inal l y u n s t a b l e  m i x i n g  l a y e r s  fo rm f i e ld  is emp loyed , in o r d e r  not t o  0 m p h a l t  t b .
at  the l ips  of the n o z z l e , and , even tua l l y ,  merge  e n e r g e t i c s .  w h i t .  h is of p r o n e  u n i t .  i - r n .  Suc h a
on the  plane of s y m m e t ry , w h e r e  the cons tan t -  s e l f - s i m i l a r  r e p r e s e n t a t i o n  has  a c r ’ i t e r  d o m a i n
v e l o c i t y ,  c o n s t a n t - t h e r m o d y n a m i c - p r o p e r t y  po- of v a l i d i t y  f u r  the  p lana r i t t  t h a n  f i r  b-
te n t i a l  c o r e  t e r m i nates (F i g. I ) .  Th i s  d is tance s y m m e t r i c  j e t ,  ) t )  j  he l i n t - a r  r a ’ e i f  p l a n a r i t

i s on t he  o r d e r  of~~~x nozz le  wid ths  downs t ream g r o w t h  w i t h  d o w n s t r e an  d i s t a n t .  .- , p o s t u l a t e d  b y
(Beer  and C h i g ier ; Davies 22 ), and methods  for  s e l f — s i m i l a r anal y s i s  fo r  t h e  f u l l y - . )  i t . ,  l oped  t u r b o -
ca l cu l a t i ng  th i s  dis t~~ice have  been advanced lent flow , has been q u e s t i o n e d  n t -  r ’ n t l v  t a  p e r h a p s
(Lessen  and Paillet ) . Th i s  d is tance  f rom the s l i g h tl y i n e r r o r  f a r  d o w n s t r e a m  L i ’  i v  m o e 2 

.

ex i t  is somet imes r e f e r r e d  to as the b reakp oin t ’ . Even if such  a d i s c  repanc v t o t - s  e x i s . b o t h  t h e
beca u se the  j et be g ins spreading  at a g r ea t e r  rate m a g n i t u d e  of the e f f e c t , ant i  t h e  f a ct  t h a t  rI st a n  t a

f rom th is  d i s tance  downst ream.  Actual l y ,  eve n f a r  downs t r eam of the  f l a m e - t i p  Le n g t h  a r t ’  of h i s s
a f t e r  th i s  m e r g e r  d i s t ance , an (addi t ional)  d i s —  i n t e r e s t  make t h i s  o b s e r v a t i o n  i f  l i t t l e  s i c n i f i c -a nt .  i .

t ance  of severa l  nozz le  wid ths  is r equ i red  before  fo r  p resen t  purposes .
the  t r a n s i t i o n a l  flow becomes ful l y t u r b u l e n t  and ,
i n the chemica l l y f rozen  case , a ful l y -developed
t u r b u l e n c e and s e l f - s i m i l a r  r e p r e s e n t a t i o n s  of ii. F o r m u l a t i o n
ve loc i ty ,  species , and t e m p e r a t u r e  prof i les  be-
come appropr ia te .  It is common , since , in any The di rect  one-s tep  i r r e v e r s i b l e  b i m o l e c u l a r
t ransverse downs t r eam p lane , in the  chemica l ly chemical  react ion
f rozen  case,  the flux of momentum, of d i s cha rged
f lu id , and of d i s c h a r g e d  enthalpy above ambient  F + 0 - P. I i
a r e  i n v a r i a n t , to t r ea t  the  jet  as if it w e r e  emit ted
from an ideal source , r a t h e r  than  from a nozzle  in whic h fuel  F and oxidant  0 y ield p r o d u c t  P ,
of f i n i t e  d imension .  Since the in te res t  here  is in is considered.  The  flow geomet ry  s t u d ie d  is tha t
chemically r eac t ing  flow s, source ideas are  modi- of a tow-speed symmetr ic  p lana r l i t  of one reac-
fied as conven ien t .  In fact , in effect , it  is taken tant ( say ,  fuel)  exhaust ing into a s t a g n a n t  atmo-
below that  i n i t i a l  p ro f i l e s  for the dependent van - sphe re  conta in ing the o the r  r e a c t a n t .  In the l i m i t
ables are g ive n at the ‘breakpoint’ . In the ab- of ( 1 )  R = P u I 

~~ , the ( r e f e r e n c e )  Reyno lds  -

sence of data , plausible interpolat ions  between number,  gofnj t~ in~i n i t y , and  ( 2 )  M u /))r R 1 I ’,
nozzle proper t ies , which  hold at the axis at the 

- 

r r

m e r g e r  point , and ambient values , which  hold far 
*

from the axis at al l downstream distances, are to ( .utmark and W yg n a n sk t ’ r e m a r k :  1 he n o r -
be adopted. malized t u r b u l e n t  i n t e n s i t i e s  on t h e  I c e n t e r - !

plane of the  jet a t t a i n  t h e i r  s e l f - p r e s e r v i n g  s t a t e
There are three observations about the model about t h i r t y slot w i d t h s  d o w n s t r e a m  f r o m  t h e

just presented that warrant d iscuss ion.  ( I )  It is nozz le .  . . . The approach to se1f .p r ~~se r v a t i o n  in
being imp lic i t l y assumed tha t the distance to tran- a two-dimensional  jet , t h u s , o c u r s  muc h e a r l i e r
sit ion is also approximatel y the distance to m i -  than in an ax i symmet r i c  j et ... or a t wo - d i m e n -
tiation of burning. Th i s  model is conventiona l, siona l wake.  In c o n t r a s t  to an a x i sy m m e t r i  j e t .
and jet diffusion flames are commonl y described there is no indicat ion her e tha t  t h e  t r a n s v e r s e
as ‘ l i f ted’ , because they stand off a finite distance and la teral  components . . . of t h e  v t - I . i t y  fl u. -
from the nozzle exit. Attempt s to describe this tuations at tain s e l f - p r e s e r v a t i o n  long  a f t e r  the
stand-off regime in deta il inevitabl y entail arbi-  [st re a mwisej  component does.
t r a r y  assumptions,  the validity of which are diffi-
cult to evaluate (Tamanini 25 ). (2 )  Al thoug h more 1 his v a r i a n c e in the  l i nea r r a t e  of g r o w t h  is
experimental data are  available for  ax isymmetr ic  a sc r ibed  to the n a t u r e  of t h e  flow o u t s i d e  t h e  let

induced by the  je t , it s e l f .

ccc

* 
Since the

5
exp er im e nt s  of H a w t h o r n t - , W edde l l

Woh l and Shipman 24 comment: “ ... there is and Hottel , it has been es t ab l i shed  tha t  the
always some distanc e ... above the port for ratio of flame len gth (b y a ny reasonabl e
which the flame appears f r e e  of turbulence. phenomenological de f in i t i o n )  to i n i t i a l  t e l
Since , in that region , mix ing  probabl y occurs  by radius is i n v a r i a n t  w i th  i n i t i a l  j et  v el . ’.  i t ,
molecular diffusion , and since molecular diffu - In turbulent (low , to excel lent  a p p r o x tm a t i o n .
sion is a slower mix ing  process than edd y diffu- In nondimensional t e rms , the r a t io  is  i nva r i an t
s lon , it is assumed that little combustion occurs with Reynolds  number , for R e y n o l d s  n u mb ers
In this region. ‘ (footnote c o n t i n u e d  on nex t  p 5g. )
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the ( r e f e r e n c e)  Mach numbe r , going to zero , w h e r e  p - is t h e  mean  p r e s s u r e , a nd t h e
the (n ondimensior ia l)  b o u n d a r y - l a y e r  a p p r ox i m a -  molecula r wei ghts  of a l l  spec ies  p r e s i - ’ i t  a r e  t a b , - ,‘I,
t ions to the govern ing  conse rva t ion  equat ions as c o m p a r a b l e.
for  the t ime-averaged  d e s c r i p t i o n  of the  t u r b u l e n t
reac t ing  jet  a re :  In the anal y s i s  t h a t  fo l low s , t h e  n ean  r e a c t i o n

rate  is pos tu la ted  to be:
( Pu) , + (pv ), - 0; (2 )x y

(Pl3~~u , I )  V V 0’Puu , ~ P vu. = (PE u , ) (3 )  ~‘ 
F

x y y y

Pul • PvT,  = ~~~~~~ 

w h e r e  )3 is the  ( n o n d i m e n s i on a l  I f u r  t j o n i  t h a t
X y 

~ h y • Q~’; M)  c h a r a c t e r i z e s  the ra te  of c h e m i c a l  c o n s um p t i o n
r ela t ive to th e r a t e  of sp ecies  t r a n sp o r t .  i lec a u s, ,

PuY , + PvY ., J_. (PE Y • ~, + ~, fo r  th e  case  of p r e d o m i n a n t  i n t e r e s t  h e r , - , in
1 X i y a . ~ ~ whic h y 0 is a n ax i s  of ( even  or o l l i  sy n i i f l e t r~

wi th  = F , 0, ~ (5) for  all the dependent va r i ab l e s ,  t b .  f a c t o t-  ii , is
- yodd about y 0 , the e x p r e s s i o n  f u r  ‘.v is  ii-

Here , ( I )  x x
k / r and y y~~/ L  

r ’ with x a o. t inuous at y = 0 . but w~ land  al l  i ch e r

0 ~ y < = , a re  the  s t reamwise  and normal spatial de r iva t i ve s)  a r e  d i scon t in u ous.  The  soti r ce  of

coordinates, respect ive ly, with £ = referenc e this d i f f i cu l ty  is that,  more  g e n e r a l l ’, ,  u ,
y

l eng th  (the  initia l jet  wid th ) ;  (2) u 
~ uk /u r and is •~ . w h e r e  ~ i s the  ve l oc t y - g r a t l i - r i m  f a c t o r

v v / 0  are the mean streamwi se and normal of the c o n v e n t i o n a l  l a m i n a r  d i s s i p a t i r r n  e x p r e s s i o n
I c r

veloci ty components, respectively, with u w r i t t e n  in t e rms  of the  mean v e l o c i t y  t m . ’ l , I  ct,m-
r

referenc e velocity (the initial jet velocity); ponents Whereas I u . is a s a t i s f a c t o r y

~~ ~ k~~~r 
and T T k /T r are the mean approx ima t ion  to $~ t h ~-ou g h out  mo St  of t h e  f l o w

density and (absolute) temperature of the mixture, field; nea r y r 0 ( w h e r e  u , U t  , o t h e r  ‘u s-

respectively, with PrRT r = 
~ r ’ where  p = carded  t e r m s  in should (~

‘e r e s t o r e d  in t h e

re fe rence  p r e s s u r e  (the back ground and jet  l e a d i n g - o r d e r  a p p r o x i m a t i o n  f o r  t h e  l o c a l  S t  r a l i :
p ressure) ;  (4) Y.  is the mean (stoichiometnicall y rate.  For simp l i c i t y , a co n v e n t i o n a l  p a r a b o l ic

adjusted) mass t~ractlon of species i ;  f o rmu la t i on  is adopted h e r e , a n d ,  nea r  y : 0 ,

(5)  Q Qk /c T r us the specific heat of corn— an even func t i on  of y • w h i c h  r e c o v er s  t.i h a t e t .  e r

bustion; whi?e w ( -w~ = -*~~ =~p) = degree of smoothness  is be l i eved  i m p o r t a n t , m a ,

/ L  ) I s the mean rate of reactant con- be ‘patched’  into the ( e l s e w h e r e  u n i f o r m l y va l i d )

sumptlo~ (a
T
nd produc t generation); (6) ( (  /u ~ 

expression for lu , I . Th e a m o u nt r i  c h e mical
k r r activit y at the axis is bel ieved to he of suchis the eddy viscosity (or turbulent momentum-

diffusion coefficient ); wh ile and O~ are the magnitude, relat ive to the  a m o u n t  of c h e m .c a l

(constant) turbulent Prandt l number and turbulent act ivi ty  off the axis , over most of t h e  ax ia l

Schini aumbers for species I , respectivel y, positions of in teres t , and the n a t u r e  of the experi-

such that (Ia and (/fJ~ are the turbulent heat- mental data for a react ing jet  is s u c h , t h a t  L I 18

conduction an~ species-diffusion coefficients, believed that adoption of ( 7 )  is c u r r e n t l y acce pt-

Further , In this formulation, the (nondimensional) able on ph ysical  g rounds .  r h u s , ( 7 )  is modif ied

equat ion of state is postulated to be: locall y at y a 0 onl y as r e q u i r e d  a n a l y t i c a l l y .

p = P T = l , (6) For R ’~~~~, M - 0 . and p c i , w i t h  t h e  i n t r o -
duction of (1) the coo rdinate transformati’.n

‘I(x , y) -. (x, z), with z 
~ 

(,— ) d y ’ , 1 Sa l
T

(footnote continued from previous page) and (2) the velocity t r a n s f o r mat ion
in excess of a couple thousand. This result
infers that molecula r diffusion is neg li gible (u. v) (U , V) ,  with U = u . V U i . + V 7 ,x y
relative to inviscid , iner tial, macroscopic (8b)
processes for gaseous turbulent jet diffusion (2 )  - (7)  may be re -expressed  as:
flames. Thus , molecular diffu sion is neglect ed
relat ive to edd y diffusion In the formulat ion.  u, + V , = 0: U = $, V = - ‘i’. (~~t

x z z ’ x

* Here , the bounda ry-layer  approximations ar e
invoked on an intuitive basis. That these ap- *
proximations crc valid ones is not at all a A prelIminary suggestion is that, in general , il

strai ghtforward matter to demonstrate for is inversel y proportiona l to m (V m +I~ mF F 0 0
turbulent flows. It must be proved exper l- where m1 and V~ are the molecular weig ht and

’

mentall y (Or otherwise) tha t any terms dro ppe d stoic hiometr ic coeff ic ient , r e sp e c t i v e l y,  of
f rom the equa ti ons a re, in fact , small compared species I .  Here , t he ca se V , I , m0, m F~~
to the terms retained. m

~ 
is being exam ined , so t h~ t m 

~ 
Zm

~~
.
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UI , + Vt ’ , — ( D U . ) ,  = 0; ( 10 )  From ( 1 1 )  and 1 1 2 ) ,  it is  f ’  ‘1 t 1 d t  I l  i t , , - r  —x z z 7
va tion e q u a t i o n s  fo r  l i t -se  ~~li , i b -  / - i

U I  • + vi , ~.-L (Di , ), f u nc t i o n s  a r e :x ~ a z

= Q(BI t i , I~ 
y y ;  ( I I )  U~ , + v4’ , — I 4 i . - 0 . I 17 1z q : - . q i  ‘~ q ’ ’ /

UY - ,  + VY (DY Di rect l y ,  i t  is ~~~~ t h a t  t h e  ‘ i l l  ‘A  i n g  it  .~~ r i  Ii x  i ’ z~~~~~
’ i z  z

holds:
- ( B l u , ) ‘i’F ’ib 0~ 

wi th  i = F, 0. ( 1 2 )  
E. aY + b a n d / o r7

In the  above equations . D = (/T 2 and B = )3/T. 
-For th i s  sy s t em of equations , i t  is taken that  I + ~ Q(Y + ‘i ) a ) V  - V ) ‘ 1  ciF 0 0 -

s tagnant  u n i f o r m  condi t ions  c h a r a c te r i z e  the
ambient , specif ical ly : w h e r e , f ro m ( 1 5 1 ,

U U ,, = 0 , T - T ~, = l , (‘I . - l ) + ~~~Q Y  - Y  ~ )
l-

_
J C)

a =
- 0, Y0 Y 0~ = const,  ~~F ‘

as z . ( 13)  ( 1 - 1 )  V 
~~~I -j  ~

‘0”b =  1 + I V  V -

For symmet r i c  in i t i a l  cond i t ions , at the c e n t e r -  1’i 0’
line , it is taken that

It is noted tha t  ( I R I  c an  be r e w r i t t e n  t o  y i e ld  t hi-

V -. 0 , U , • T, , Y . , • 0 fol lowing e x p r e s s i o n  f o r  I as a l i i i  ‘ i o n  f V
1a z F z  0 Z and Y 0:

as z~~~0 .  (14)
( T - l (  + (~~j  ~ F 0~~~~~~O)~~(Obviousl y, for the sake of specif ic i ty  onl y, the T = 1 4- 

(V  + y
jet  is taken to conta in  fuel , but not oxidant;  and F j 0
the ambient is taken to contain oxidant , but not Q y y “ F ~~~f u e l . )  The initial  condit ions at the jet exit plane + - - 

~
— 

~ 
.

a re  (“ + YFj

= 1, T T . a coast. ~ Ph ysicall y, Y ~ Y a nd V ~ V . i h u s ,F Fj  0 01 if t he (so-cal led)  ad iaba t ic  f l ame  t e m p e r a t u r e
= const. , Y 0 = 0 (defined to be the t e m p e r a t u r e  a c h i e v , ’ r !  w h e r e

both Y and Y a r e  z e r o )  is denoted  b y T0 F af
for 0 ~ z z . = ~ (+) then T is the max imum t e m p e r a t u r e  a c h i e v a b l ej

In the tMw sys tem.  Sinc e , exp~~~i m e n t a l 1 y

as x x, = 0 ( I S a )  (Hawthorne . Weddell  and Flottel ~~; K e n t  a n d
3 Bil ger 17 ), i t is known tha t  the  t u r b u l e n t  d i f f u s i o n

(lame has f i n i t e  mean s t r u c t u r e , i . e . .  V 0 a n d
U U,, = 0, T T,, = 

~~F never  vanish s i m u l t a n e o u s l y ,  it  f o l l o ws t h a t

0 , Y e ” Y 0,, = coast. (T
~~~

l ) Y
o

+ Q Y
F

y + V 

0 
• ( 2 0 )l a T < T = b = l +

for = I (-j
~
— ) < z at 

Fj 0

It is noted that , eve n w i t h  the  o b t a i n i n g  of theas x z . s O .  ( 15b)
3 above in tegra l  r e l a t ing  the S h v a b -i e l d o v i c h

functions , the dynamic s ( ( 9 )  and ( 1 0 ) )  and ener-The specified functions of ( 1 5 )  are compatible getic s ( ( I I )  and  ( 12 ) )  r emain  coupled .  In  g e n e r a l .with (13), and with the requisit. of initiall y D and B . the t u r b u l e n t  d i f f u s i o n  and  r eac t i onunmixed reactants.

Sinc e, experimentall y (Batt 28), a ~ c, it *
is convenient to introduc e the (t urbu P ent’) Shvsb- If an e f f ec t i ve  flame po si t i on  fo r  the  t u r b u l e n t
Z.Idovich functions • linea r sums of the flow is def ined by the locus Y0 Y 5 X t h e n ,

dependent var iables Y 1. The functions the flame temperature  T f is g t v en ~~ y ~
“

adopted here are : 
-T - T  - Q X  : ( l  . T ) — Q X > 0

- y
0

) ~ Y ;  f at f at

where I and X
* T + * ~~~~~ 

+ • 
~~ ( 1 6 )  constantsc 

are , in genera l , 
not S



c o e f f i c i en t s, res p e c t i v e l y ,  a r e  f u n c t i o n s  of the th e  V e I n  i t y  c o m po n e n t s  a n d  t ’ i i  v o r t  ‘~~ in  t h e
te m p e r a t u r e  a n d / o r  mass  f r a c t i o n s  of the  reac — d o m a i n  0 ~ . I a i i n  b . ‘A r i t t m , - n  a s
ta n t s)  and the  p r op e r t i e s  of the t u r b u l e n c e ( i n  

*seco n d - o r d e r  c l o s u r e ) ,  As r e m a r k e d  in the  ~ 4’. 
/ 

= i’ j~~ 
- F f l .

I n t r o d u c t i o n , co n s i s t e n t w ith ( I )  t h e  p re l im i na r y
c h a r a c t e r  of t h i s i n v e s t i ga t i o n , ( 2 )  the n a t u r e  of v - ‘Je , = -

~
- u ~ 

- ‘ 711 TI I - I - 
~~~~~

t h e  fo r m u l a t e d  model  of the  mean ra te  of r e a c t a n t  x Y I

con su m pt i o n , a nd ( U t h e  s t i l l  imper fec t s ta te  of - 
~ f i tU , = 4 1, - (u / z t~s e c o n d - o r d e r  c l o s u r e  for  t u r b u l e n t  J e t  f lows , in ~‘ z .  i

w h a t  fo l lows,  it is t a k e n  t h a t  D and B a r e , at  - -
= ) ‘(u . / x ) ~ 1 0 ) .  i~~~ j f ,m ost , spec i f i e d  spa t ia l  f u n c t i o n s .  1 1

T h u s , t he  t o u n d a  r y  c o n d i t i o n s  of ( . ~ l h t  c a n  i i
I I I .  App rox ima t ion  for  the  Mean V e l o c i t y  F i e ld  w r i t t e n  a s

W i t h  0 a spec i f i ed  spat ial  f u n c t i o n , t he be— F ’ C (  = 0 , F ( O ) , F ” ( O)  r O ;  i~~

hav ior of t h e  mean ve loc i ty  f ie ld  for  the je t  geo-
m e t r y  is go v e r n e d  by w h i l e , by d e f i n i t i o n ,

1/ + V , = 0: U = 4’, , V = — 4 ’,x z z X F ’ ( O )  = I .  2 5b

U U , + VU , — (0 U , ), = 0
X Z Z Z In t u r n , the c o n s e r v a ti o n  c o n d i t i o n , I i , f o r

(0 a ~ < = , 0 ~ x ~ (2 I a )  momentum takes the fo rm

K = 2z =U -‘ 0 as z ~~, V . Ii , 0 as z 0; ( Z I b )  j ~si  - /
z J

U • 1 for  o a Z~ • 2(u 2z ) ~ ~ F ’( 71 ) d71j i i  J o
2U 0 for z . a z 2 2 ç ~ F ’(~~) } d71 .  ( i l l= — (u . x

V L ~
as x — 0, ( Z l c )

In t eg ra t i on  of the momentum equation of ( Z l a )  In what  follow s, an ex plic i t edd y v i s c o s i t y
wi th  respect  to z , subject  to the boundary con- formula t ion  for  D is adopted , na m e l y :
d i t ions  of ( Z l b )  and ( Z l c ) ,  y ie lds  the  momentum
flux K • an in tegral  flow quant i ty ,  defined by D(x , a)  = D(C) = K U ,,(~ ) z ( ~ )

t
K a 2 c U 2 dz 2z = (+)  

, (22)  = K (u z.)~ = ( u  x )~ 
( 2 7 )

i i  V i iJo j
w h e r e  K = ( cons tan t)  edd y - v i s c o s i t y  p a r a m e t e r

With  th~
e in t roduc t ion  of the ‘eff ective ’ jet (to be determined empiricall y). This form is the

exit pla ne x 1 (> 0 ) ,  the ’norma l length’ func t ion  one most f r equen t l y used in the  anal y s i s  of two-
z~ (x) = z 1( x f x ~) .  wi th  z~ = coast.. anci the center- dimensional jets, because, in gene ra l  it has
line velocity’ function U~

(x) U i (x / Xi
) ’

~~~. with yielded reasonable results (Schlichting
29). For

u .  = const. , and with the introduction of ( 1 )  the K and V related by K = 11 (4)’), the boundary-

(so-called) similarity coordinates value problem of (2 Ia) - ( Z l b )  r educes  to the
self—simila r formx

= ~~~~~~~~ ,~ ~._-3_— = (_,.L ’\ ( L ~\ = v ( ~-). (23a)\x . I z,,(x) \z I”.x / x
I —

where V = (x1/z 1
) = (constant) spreading parameter 

F~~~) + 2 f  F (~~)F~(fl ) + {F ~~~~~~ 0 ( 0  a 
~~

< (ZSa )

(to be determined empir ically), and (2 ) the stream
function F’() = ~~, F(O ) ,  F’( O) = 0, F ’( O) = I .  (2 8b)

‘~‘(x, z) = 4 (4 ?)) = U
~
(C) z5(C ) F(?))

Successive integrations of (2 8a )  y ield
(u .z,)

1 1 F (t7 ) + ZF (T 1 ) F ’ (ll), = coast. = 0; (Z9a)

~~‘ (u
1x~) C1 F(’fl , (23b)  2

F ’(~~) + ~F(~~)T =cons t .  = F’( O) = {F = }
2

- I .  ( 2 9 b )

*
The plane * = x  (and/or ~ I )  is also re fe r red
to as the ~~ eal~Point 23 and as the ‘flame l i f t -o f f  

F u r t h e r , (2 9b) ,  i tself , c a n  be i n t eg r a t ed  to  g ive
distance ’.
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F(77 ) = ta n h 11: w i th

F ’ 71( = I - t a n h 2 71, ‘ x -
~~~~U I — i — ‘ f o r  z - 0 ~.s x I) ,

2 t X /

F (p 1 ) = - 2  t a n h l7 ( I  - t a n h  17) . ( 3 0 )  1

.4 81 - l
Based on the s o l u t i o n  of (30 ) ,  it is d e t e r m i n e d  U 4 exp ~~ _ 

~~~~~~ 

‘
j / 

‘ ‘
~~ “

‘x I t / )~ t( /
t h a t

I I \ 4 4 2 * t o r  a ~ 0 as  ‘C 1) , i~~~3’ i ’
= Zz . ~~~~~~~~~~— t u i .) — ( u x . ) .  ( 3 1 )

3 1. 3 i i 3V t I

e nco m p a s s e s  t h e  i n i t i - u l o n d i t i t i n s  1 i i ~! , ’ r i - -,! I ’ m
Th u s , t he  sol u tio n s f or ‘& and  U , V a r e  p r e s e n t  pu r poses I t . e. , f o r  ‘C~~ ‘C . i : t r f / ’ . i r  ~

T h u s , ( 32) f u r n i s h e s  t h e  s o l u t i o n  f~~ . r , j

4’ = (u .x ) ~ tanh  77 f i e l d , w i t h  V a n  ) e m p i r i c a l l y t  a m- ’- i c ~~~, I i -  p ara-
, i i

m e t e r .
( 3 ’  *

~ ~ tanh l7 for  u .~~ I ;  (32a )

2 IV , l~a te  of P e a c l a n t  C o r i s :m -, t j - ’ ~
U = u .~~~~~( l  - tanh 77)

2 W i t h  0~ ~~‘ 
t he  b e h a c i o r  of m t - i-

~ ( I  - tanh 17) fo r  u . ~ 1 , S h v a b - Z el d o v i ch  f u n i  l i on  V ( V  - i ( ) =  
I

1 1 2 = (“‘ F 
+ (Y

0 
- V i )  f o r  t h e  . t  ~~~- r , l t - ‘~~~v is

V = — u . ~ 77( 1 - tanh 77) - * t anh
governed  b y

I V , V Y , — 1 0 7 , I . = 0
I —~~r 2 1 X / / 1

~ - tanh 77)~~ I tanh 7l j t
(0~~~2 - r , ~~~~~~ ‘ ( ;  t 4 , I

for u . ~ 1 . (32 b )

V 0 as z . V , 0 as 7 0; I 3-l ia
The above solutions to (2 I a )  - ( l b )  are not the
most genera l  ones; they are,  in fact , the self— y-’ (y ~- y  ) fo r ~ / a •

similar  solutions for  a jet issuing f rom a slit at Fj 0 i 1

C = (x / x - )  = 0 , and , thus , do not satisf y the — 1
st a r t ing

t
condit ions of (2 1c) .  In li ght of the Y~~ 0 for  z~ = I (i—,’ 

< z < as 0. ( 3 4 .

improvement to be expected f rom alternative,
less t r ac tab le  procedures , it is taken that  The species flux i n t e g r a l  assoc ia ted  w i t h  t h i s

func t ion  is
U ~ 

(‘i’ ( I  - tarih 2?7) —
N =  2 U Y d z a 2z .(Y - + y  )

j  Fj 0=

= (;~ )
_I 

( 1_ tanh 2 
{ (~~.L) ( x ) ~” 

~}). (33a ) 
= (~; ) 1

~~FJ 
+ y~~~~ ( 3 ~~)

In l ight  of the approximat ions  a l read y ado pted f o r
the velocity field (cf .  (32 )  ) , it i s t a k e n  th a t V is
of the form

Y(x , a )  = Y (C ,  77) = ~~~~~ G(t 7) ~~~~~~~~~ ~ (;~ 7 ) I ~~“

With in t roduct ion of this  fo rm f o r  V and  t h e

* above-mentioned forms fo r  4’ and i t s  d e r i v a t i v e s,
If it is taken that U( C. O) = U

~~( C )  = u .C for the boundary-va lue  problem of ) 3 4 a )  - ( 3 4 b )  r e d u c e s
I < C < and tha t LJ(C , 0) = for O’~ , C < 1, to
it Is consistent to take u = (%

( ) /u  ) = I.

For u • = 1 , from ( 3 1 ) ,  it~/ollov~s
1

t~’Ia”t a. = G~(7)) +~~~1F(t7 ) G’( 17) + F~ fl ) G(17 ) ] a O
(x~~7) = ( 3/ 4  T

3
) and/or ( ( x k) i I L r )  

—
= [(3 / 4) / ( (T k )

j /T r ) ]  V .  Thus , th e (n on- (0 ~ 37a
dimensional) location of the ‘effective ’ jet
exit (or ‘breakpoint ’) plane . X i.  I. linearl y G ( )  0 , G ’( O)  = 0; ( 3 7 b )
proportional to the jet spreading parameter,
V .  G(O) a I .  ( 3 7 c 17



I n t e g r a t i o n  of ( 3 ? a )  y i e lds  T h i s  f o r m  is not c o m p a t i b l e  c v t t ( i  I i . -  t i n d i t  i ons
= (x/x I = 0, As  w i t h t h e ve i n I V t i - I d . i t is  a

G ’(77 ) ~‘7F( 71 t  G(77 ( = cons t .  a 0; (38a ( s e l f - s i d i i l ar  f o r m  c o m p at i b l e  a ‘h i p a s s  iv .-

11 s c a l a r  i s s u i n g  f r o m  t h e  J e t  s l i t  at  ~ .< / - ~ ,

G(?7 ) a exp 2u ~ F(77
1

) d?7
1 
‘
~ A g a i n , in view of the  in m p r oc  i - t n t - n t  t ’i  o- i-

~~p i-~
0 f r o m a l t e r n a t i v e , less t r a c t a b l e  p r o  ( ‘ i i i  I ,  5 , i t

is t a k e n  t h a t
2 1a

= I l  ~ {F(71)~ J ( I  - t a n h z 77 )
a
. (3 8b) (~ 4 - V  I

Fj  Q
Based on t h i s  s o l u t i o n  for  G , it fol lows tha t  the

( I t a n h
2
~~ 

- lspecies  f l u x  i n t e g r a l  N is g iven by 
( x \~~ 

- ‘ _~~~~ 
‘ x : )~ 

4!.
1’  x /  . 3 ) ~~x I  --

N Z a  ( V  + ~‘ = 
~~~~~~~~~~~~~~~~~~~~~~~j F j  0 j

a 2 (u  C z . )  \ F ’(?7 ) G(77 ) d77 enco mpasses  t h e  i n i t i a l  c o n d i t i o n s  I t  H U t r i - S t  t u r
1 i i  -~ 0 p r e e e n t  purposes  ( i . e . ,  f o r  x ’~ x a , t c i  ~~~~ I .

( u C  x ) ~ F ’(1J) G( 17)d l l  C o n s i d e r  now t h e  b e h a v i o r  of V W i t h
V 

~o a , a nd w i t h  B a s p e c i f i e d  con ~ t a n t . s i n  C -

/ 1 C i

) ~~~ (1  - tanh 2fl)
1
~~~ d O ] .  (39)  

- - - 
~
‘
~~~~

‘ 
t h e  b o u n d a r y- c  ah i e

=
L 2 for ( c f ,  ( 1 2 )  — ( 1 5 1  1 c a n  be a r j t t t n as

T h u s ,
• + v ~~ (I) V

C 
(_~_ ) (  

F x F ’ z a F ’ , t ’ 7
i i \3 1 ~ Fj  

+ Y 0,,)

/ 2 ‘
~ 

(Y + V ) for u . ~ 1 , (40a)  = - B I  U , V - (~ -
Fj 0 i z F

~ he re
(0 ’  z < = , 0 ~ x < fl; 4 3 a 1

I = U0~ = (1 - tanh 2
l) ~~ d17

- o V 0 as z 
, V 0 as z 0; 4 3 b (

F F ’ z
1 . I

f o r  O~~~z < z . ~
= - dØ .  (4 0b )  ~~F ~ Fj J 

= ( r  -

Values of 1(a) are: 1(0) = 1, I(~~) = r /4 , ‘
~
‘F 

— 0 for  a . = I (:~ -)  < a as x 0. 4 3 I

1(1)  a 2 / 3 , 1(2) a 8 / I S  The range of a of
in te res t  is (approximately )  

~~ ‘~~~~ ‘ 6/5  (cf .  For 
~~F 

of the  f o r m
R e y n o l d s30 ) . It is noted tha t , for I a I
(8131r ) a (2 / 3 1)  a • In what  follows, it is Y F

(x . z) = X ( C , 71) ,
taken that (2/31) ~ 1

Thus , based upo n the preceding anal ysis , the __________________

solution for Y is of the form
(fo otnote  c o n t i n u e d  f r o m  p r e v i o u s  c o lu m n l

= 
~~ (~

) 
~~ FJ 

+ Y 0,,) C 1 ( I  - tanh Z77)
a 

gi ves the  shape of t h e  f l a me .  1 h , i s , in  t h e
p resen t  model , t h i s  shape  is ex p l i c i t l c ’  a f u n c t i o n

~ (y - + Y ) C ( I  — tanh 2 71)
a of Y Y • a nd a onl y ,  and  i s  n o t  a fu nc  t L I IIFj ’ 0Fj 0

of T or T ( a  1) , ( I t  should  be r e c a l l e d  tha t
• C~ 

~~ ~~~F •  +Y
0

) ,  all sf~ecies Wave been taken to be of c o m p a r a b l e
molecular

for u 
/ 

3j ) * 
w e igh t .  ) F u r t h e r m o r e , t h e  le n g t h ’

~ 1.  (41 )  of the f lame ( w i t h  for  0) is

____________________ 
given  by

*
If an effective flame for the turbulent (low is
def ined by the locus Y0 ~F 

, then , Y = Y 0,, , o ~~ FJ 
+ Y0,,,~ I

and Cf~’I[ .,.

( 1  tanh277 
a 0 It is seen that the (mean) pos i t ion  of the effectiv e

flame, as defined here , is independent of the- 

~ ~
‘Fj +Y 0,, ) 

model adopted for the  mean r e a c t i o n  r a t e  ~~‘ .

The ‘ th i ckness ’ of t h i s  e f f ec t i ve  f lam e  does
(footnote con t inued  in next column) depend on the model adopted f o r  i .’ .
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f r o m  143 ) . 144 1 and ( 3 2 ) , (4 1) , the  b o u n d a r y — v a l u e  res pect  to t h e  f l u i d  m m ’ -  i d i i i s  5 . i t  i s  n o t , - . )  t a t
p rob l em for  X(~~, 77 1 i n t h e  d o m a i n  (0 ~ 77 < , t h e  use  of , a t  l e a s t . n i , -  i - t f l p i  r i  I i !  C ’  i s t an t  t i

a -
~ I can  he w r i t t e n  as a s s i g n  t h e  g r o w t h  r a t e  i s  i n i p l i -  i t l v  - i ’s , - in

s e c o n d — o r i l , - r c l o s u r s - s . as  c~ ~ I
2

X , + 2tY ~~~~X , _ 4 T ( l . ~~~ 1~~~~~X ,- 
7171 71

‘/,,‘i t h  t h e  d e t e r r n i , i ~i t  i i  s t  V \ t r i , , ’  -; — -
~~~

t h e  s o l u t i o n s  f o r  V
0 

a n d  1 - s r -  1 ’

~J~~l 1l  -~~~i 1  ~~
2

( i f r o m

2 1

~ r - * 2 a  
V 0~~~~V 0

1 l _ ~~~’ 1 I ~~~ 
I

~~=
- C .~ 

~~~~~~~~~~ ) ~X j  , 
_ r V ~~~~~~~~

Ft

w t h  ~~~~~(17) = t a n h 7 7 ;  (45a )
- i V  4- V~~~~~~ i~~ ( 1  -~~ j . ;’.

X 0 as 7 7 ,  X ,
77~~ 0 as ?7~ ’ 0; ( 4 5 b )

T~~ r -* 2 ( 7
1

X . = fnc(77) as ~ 0. (4 5c)  
I + (T . - l ) ~~ ( I  -

r * 2 - 7
J o  comple te  the  f o r m u l a t i o n  of t h i s  b o u n d a r y - v a l u e  Q [Y  

~~
. ~~

‘ ( I  - i - X

je t  exit  p lane (~ a 1) ,  i . e . ,  X~ a X 1(77 ) , mus t  be a

prob lem for  X 1~. 17) ,  t h e  p r o f i l e  a t  t h e  ‘ e f f e c t i v e ’ 

[1 
~ — I I  + Q

~ ~~ 
-~ 2 ii

( I  — I — ~~~~spec i f i ed .  Here , t h i s  i n itia l p rof i le i s ta ke n to be 3 F t

2 a 2 a
X. = X .(17 ) = A . ( 1  - ID ) = A ( I  - t a n h  17) (46) He r e , f o r  comp l e t e n e s s , ~t i s  n n t , - - (  t h at , a s

~~ -t I ,
w i t h A . = con~ t . I to  be b p e c i f i e d ) .  For th i s
i n i t i a l  p ro f i l e  for  X • i t  follows that  the  i n i t i a l  2 ~
p ro f i l e s  for  and V 0. i . e . , V (77 ) and - V ( I  -~~~ I ; I 5 l a t

F Fi F t
FL

V (77 ) , a r e  -Oi V
0 ’ V -~~~~ Y ~~l - ( I - c D  IOt 0=

V a X  A ( l _ I D ( ;  (4 7a) 2 c 7Fi T T . ~ I + 11 - - 1)  ( I  - I~~ I c I
— 1 3- ( V - V . )

1 0’ 1 Fi

= V  - (Y. -X .)=V -(C A .)(l_ ~~
2
)
a
.0= i i 0 i I

(47b )  V . A p p r o x i m a t e  S o l u t i o n s  -

On the cen te r l ine  at the ‘ef fect ive ’ jet exit ,
V (0) = V° and V (0) = V 0 with Under  the t r a n s f o r m a t i o n
Fi Fl Oi Oi’

° - A V ° = V - (C - A . ) .  ( 4 8 )  •~~~ ) (9 , I D ( ,  w i t h  8 =  ~~~~~ ~~~~ t a n t i  T I ,  (~~ 2 IV Fi I ’ Oi 0
the b o u n d a r y - v a l u e  p rob lem fo r  x a X i~~~ , ç~~~) ,  i n

o o the f t n it e  dom ain  (0 ~ 9 a I 0 a I i  c a n  be
Fo r V ~ V and I ~ 0 consistent wi th  no 

- - -

FL F 0’
combustton u~ stream o~ the

’ 
‘break point’ , 24 it 

r e w r i t t e n  as:

follows that A ~ V and that C ~~(Y - + Y
0

) 2 _ a ) 4 ~ X ,
0= - z a f lFj (l- ~~ )X 2(1(cf .  ( 4 1) ) .  He~ic e, ~~~5c) i s take n ’lo be ~~~~~~~

X _ X .~~~~~ V ( I ~~~~~~
Z

)
a

,
i F j

n
w ith ~~=~~(t J) = tanh 17, as C - I .  (45c) ’ ‘8

F x~~~ 0 (

Here, i t  should  be recalled that , in the - (4VB)ø I - - 8( 1  - ç~ I 

~
)

development of the p resen t  model boundary-va lue
problem . (45), there are two emp i r i c a l  f ac to r s :
V. the growth rate; and B , the effective 

- IY Fj {9 1I ~~~~~~~~ x J  (];
s3aI

Damkohler  n u m b e r .  Thus , the model re ta ins
the one empirical constant usually present in
chemical l y f r o z e n  flow, V. and adds a second one X ’ 0  as 0 l • ~~~~~~~ 0 as P~ 0; ( S 3 b )

for the chemis t ry ,  B . More specif ical l y, in t h i s
model, it is the product YB that is required to x -. x ~~ V ~ w 2 )~’ as 8 I. ( C , 3 c )
cha racterize the reaction contribution. (With i Fj

9



1 he f i r s t  and second  i n t e g r a ls  of (53a ( , t a k i n g  The i n t e g r a l  1( a )  has  b e e n  l i t  m d i ,  t - d  p r * - c - i s i i s l v
i n to  , k s c o u f l t  t h e  boun d a r y  c o n d i t i o n s  of ( 5 3 b ( , ca n the  i n t e g r a l  1(a ) , w i t h J ( 1  I . 7 / 1 5 , 1
t)e w r i t t e n  as = ( 3 i-r  — 4 1/ 9  is j n t r o r l , i c  cii I i ’ -  u .  fo r  t h e

f i r s t  t ime,
“ n~~~ 1___  

I , , 
_ _ _ _

i., 2 I _ c T  \ 2 a ( 5 4a )  T h e  s o l u t i o n  i t  ( 5 ~s )  is  cl t - ’ , - r r , i i - , -  ~, ,
- 0 ( l

~~ID 1
)

0 e x p - \ I I _ 9 i ~
I 

0
z 11 d1

1 
dID

2 
Z ( 9 ) =  1 ‘ I - ,

~ 
a c T  ‘ 0

2
1

1 - c T  ( 5 4 b )  I + A ‘
~ 0~ , -x p ~\ ( I

0 ~~0 ( I - i ~~ ) I -

1 he va lue  o f X at  the  c e n t e r l i n e , X(8 , 0) = X° ( 0) .  In t u r n , w i t h  t h e  e c - a l u a t i o n  s i t  7 ’b  I , t I , .  I r s  -

is , t h u s ,  a p p r o x i m a t i o n  f o r  X t 0 ,~~
( is ~i s i r t ) t o  si-

x ° = za 
I ~~Z fl dID 1 ] dID 2 

X ( l )
(8 .~~ 

= X
( 0 )

(0 . I.) i r 1 - ~~1 1  
(e , ,~ -

~ z a  2 i-a ’ ( 5 4 c )
. 0  1 0 ( 1 _ I D I

) I l _ I D a
) 

w h e r e  X (0) (0~ ID ( is g ive n in  ( 5 5 1 , . i n i )  w In

10 ga in  approx ima te  solut ions , a n i t e r a t ion r
sche me for  the  d e t e r m i n a t i o n  of the so lu t ion ( s )  R ( 1 ) (8 .0( =~~A 1(o( - - A Z ( 8 I  0 A 3~~~; . ‘ I t

fo r  X(8 , 0) f rom the i n t e g r a l  f o r m ( s )  of the
bounda r y - v a l u e  problem , (54)  • is proposed. To For a = 1 ,

i n i t i a t e  th~ . sc ~me , it is t aken  tha t  the zeroth-
approxim5. ion - r X( & ,cO ) is of the fo rm 2

( ‘ !at— 

~
X ( 0( 39 .ID ) X

0( S ) ( l _ 0 2 )cT

~ Y~~Z(0 ) {O ( l ØZ )a} (55)  A~~(p)  = -iP.~—.- - ! 3
ID ; ( 2 1 ) 1

I + I D  7

w i t h  Z I O I  a func t i on  to be de te rmined  ( sub jec t
whi le , f o r  ~ a I .to the  co n d i t i o n  that  Z ( l )  = 1) ( c f ,  Bush ,

Feldman and Fendel l 9 ) .
F

With  the  i n t roduc t ion  of th is  approximat ion . A
1

(~~) = ~~ ~~ + 
~~~~~~~~~~ - -

I .

eva lua t i on  of the in t egra l s  of ( 54c) y ields the ( 1- 0

fol lowing (ordina ry ) d i f f er e n t i a l  equation for ‘ “ 3 a 1
Z ( 0 ( :

8Z ’(8)~~ [(a~~ X 0 ) + X 0 Z ( 8 ) l Z ( 0 ) = 0 ;  (56a) A~~(0) =~~~~~~ io~~~~~
2
~~

Z ( l )  = I .  (5 6b )  (~~/ 2 ) { I _ ( l _ I D 2 I~ - - s i n ~~~~ID
+ 3

Here, (l- ~

(2 YB)  I Y0, (2VB) (
~

) 
~0~~

• (57a) {(1 _ ID
2 ) I - ( 1- 0 1

+ 2 
2 ~ 1 . (63b(

( I — I D ) J
X ~ ( 2 y B ) J  

~
‘
~
‘F’~ 

+ V s ) .  ( 57b)

It is noted that A (0) ,  A ( 0) = 0, such tt -iat
A ~ (2VB) J Y , (57c) R (0,0) = R ° (8 1 0. ~Furthe r, at t h e  ‘break-

p~~i~t’ plan e, ~
11 e =

where

I R ( l ) ( l .ID)=R (l)~(IDl = csA
1
(ID) — (X — ),1A 1 1012 a

1(a) = (I~~~~ ) dø, (58a)
- 0 ~ (ZV B) V r I A  ( 0 )  - JA

1
t~~t 

-
~0~~’ I

I [ 1_ l _ ~~
2
~~~~~] 

dø. (5 8b) 
~~~~[A 1 I D _ (~~ !)A

1I0 ] ( i - I )za 
_______________J = J ( ~~ ) 5. —

I + a  - o  ( 1~~~ Z ) 1 G



T h u s , R ( 1 , 0) = R ( 0 )  = 0 , w h i l e , R ( I , l ) =  “CP \
H (I)sY ~~cs ‘~~ o ,
w ose n u m e r i c a l  va lue  is less  than u n i t y .  In I + A  0~ .-x p J \, I -~l ) i w t  f , a (weak)  func~~~ n of a , I~~ = 

I t - ~ t -1 h i

g e n e r a l , 0 ~ H ( I  - (ID) ‘ f~~, for  0 a ID a I . 0 I
For  V = V (0 , 0)  g iven  b y I h u ,  , m h , -  d o w n s t r , - a n i  I s p h a v i o r s  f i r  , i ari d

I ci ’F F I , a l o n g  t h e  ‘ , ‘ n t e r l i n . - . s i r e

~ X IF I I )  ‘I ’ I ~‘0

V
1 . f Z I l - R  I -~8 ( l  0

2
1
cT~ , (6 5a)

° — ( ‘ i 4 - V  I~~~ • . .,  - ‘ 4F’ j  0~~
the n, V

0 
= \ o

(O ,0) is g iven by
— T° I H 

~~~~~~~~ 
-

V ~~~Y (\  X
0 0a 

- - ( 1 1
w h e r e, f o r  e x p l ic i t n e s s, i t  i s  t a t - -n t t s i t  I ]  - — H

-~ V
o= } 

1 - {81 _ Ø
2
)~~ Q V  is a p o s i t i v e  q u a n t i t y .  In ,k - ,- ’) , 1 ) 5 1 5 0 5 )  U p ’ s .I-

_
i( 6 8 ) ,  it  is f o u n d  t h a t  t h e  c l own s t  r i - s i  i s  s i i .  i o u  s t s r

2 a~ I- ~ I { 1 - Z H - H )} - L e ( l  -~~ )
~~ J . (6 5b )  

~ 0 and T , i n g e n e r a l , a r e
Fj (I)

To the  same order  of app rox ima t ion , T = T (9 ,~~~) is 
V 0 V~~ - (V - + V

0
( 0~~i ~~~~ ,

q 
.., - 1 7 1 1a Fj

g iven b y
T 1 + — 1 )  + Q\ ’  - - 

. - e l I  — CD I , • . . i 7~~~~p
j F j-(T . - l ) + Q Y -

T~~~ l +  
F j —

(y - + 1 )  Y — QX ( 1 )  W i t h  respec t  to the  t e m p e r a t u r e , i t i s  s . - s ’ i t h a t ,
downst ream, f or a f i x ed va lue of J • I i s  aFj

J maximum at ID = 0 and dec r o a s e s  fl i ’ I i I t i s f l I  a l l y

~ 

I + IT - — I )  ~9 ( l  _ 0
2 )a} as ID i n c r ea se s .  Since reaction c O n s  s t i es I

it fol lows t h a t  y a V 8 ( 1  02 cT 
t 10 f r s i ,- en ’

so lu t ion ( for ‘~~‘ sr~~~ ) ,  a(~d~, 
5
in t u r n , tha t

’ 
I i s  au ~-z a ~ 1

+ Q~~ I{1  
- Z( l  - R

( 1 ) )} {8 ( l  -ID , J mented (or  le f t  t he  s a m e)  w h e n  r e a c t i i , i i  o c c u rs ,Fj relat ive to the n o n r e a ct i n g  case.  ~l h is  r e s u l t

= 
1 1  {T ~ — H 

~~~~~FJ
} ~

9(I _ 0
2
)a}] 

mi g ht have been a n t i c i p a t e d  f r o m  ( 5 0 ) ;  h e r e ,  i t
fol lows d i r ec t l y.  I

VI .  A p p r o x i m a t e  S o l u t i o n s  - I I
- QV H -~~~~

1 ~o
2 )a }j  . (66)Fj A more expl ic i t , but , p robab l y ,  l e s s  a - i i r , , t , - ,

approximate so lu t ion  of the  n o n l i n e a r t , o u n d a rv .For 0 = I ( i . e . ,  C = 1 ) ,  f rom (65)  and (66 ) ,  it ~~5 value of ( 4 5 )  is obta ined  now t h r o u g h t I e  use  u Idete rm ined  tha t  
Oseen l i n e a r i z a t i o n  ( Lewis and C a r  r l t ’ r 3 1

Y I (I ID
2
)~ I I  - R C a r r i e r 32 ; Bush , Feldman and F e n d e l l

F I Fj (I)i 1 (67a)

Here , (45a)  is approx imated  b y{V ~~~Y l _ ( I _ 0 1 }
01 00

X + 2a17 X , - 4 aCX ,‘ 7) 17 17 C
- V - ( I  _ 0 2 )a 

H
1 I ) i ~ 

(67 b) 
~ (8ay B) (aY 77

2 ) x , 7 3aFj
0=

2 aT . ~ 1 + ( 1 —  I )  ( I  ..~~ I w i t h  the cons tan t  a c o n s i d e r e d  to In -  i n  a s s i g r o i f i .
pa rameter  (tha t p e r m i t s  the  so lu t ion  s t t hts

+ ( I  _~~2 ,a 
R (1 ) 1 . (67 c) equation to more adequa te l y a p p r o x i m a te  t h a t  i f

(45a)  ). The boundary conditions al- c t h o s e  of  4 - - I n ,

i . e . ,
A comparison of (67)  and ( 51 )  indicates tha t  the 

____________________

ori ginal  In it i a l  condi t ions  a r e  not sat isf ied exactly 
*by the f i r s t  i terat ion solutions. In Oseen l i n e a r i z a t i o n , terms ar e a p p r o x im a t e d

in a manner  to r e t a i n  t h e i r  e s sen t i a l  ro les , hu t .
From (59), i t is seen that, as 9-  0 (

~ 
) ,  als o, in a m a n n e r  to gene ra t e  ana l y t i u  I ra , t-

a b i l i t y .  J u s t i f i c a t i o n  l ies  e n t i r e l y  in t he
Z(9 ) L

0
9” [i  + 0($)]  , (68a) a p os te rlor i  demons t ra t ion  t h a t , t i  an  adequa te

degree of accurac y  for th e purposes in m in d .
where results  satisf y the  or i g i nal I ,ounda r s- -‘

problem.



X -. 0 as 17 -’ “ , X , 0 as 7 7 —  0 .  ( 7 3 h )  w i t h  ( 2 y l t I I a Y  
~~- 

‘1 I I t . Sol s ’ ‘ - u n ’ ’ u s
equation is so u g ht s~ ~~~ t i ’r n i

In li, -ii of (45.)’, it is required that
— - 

I i i  2

X I as -. I , 77 0; X IC . 7 7 )  A s~~ 57 7 , - , ( p - / I~~ ‘77 -

F j  iii  0

\ X d77 V . . F! as C I . ( T I c )  
- *w i t h  A 0 f,, r mu ‘ ( ‘ 1 or  Ii ,  ~~

, -  1 , ! , -  t - \ u t s  —
0 - 

- - mi n a t i o n .  H e re , h u m  s in i p l i ’  I~~~ , on l~ 1 ,. 
~~

, f )

w h e r e  t e r n )  is  p u r s u e d  ~~ s t ,  -\ & l , I I ’ , , ‘ - t u s h , ‘ I , - , i s , -u f

2 
1 

dID 
by A t~ I I , such ‘h, t

H a 1 1 ( a )  = ( I  — t a n h  77) d77 = -
, 2 I a ‘ - - “- --

- 0 ~O I I  — o I 
— 

X I C  , 1 7 (  A ~ 1 ‘- ‘j ;’  - / ‘
~~ TI -

7 4 )
Ihis form satisfi es IT 11, 1 , I o r  t l i i i ’  t O  i t s  t o

C l e a r l y .  H ( a )  is d e f i n e d  for  c T >  0 onl y .  H(~ 1 = sa t i s f y ( 7 3 c ) . it  is d e t e r m i n e d  I I I ,

‘m- -’Z , 11(1 1 = 1 , H ( 3 / 2 i = si /4 , H ( 2 )  = 2 / 3  
A ( 0) A .  . I - ; I

On t h e  l e f t - h a n d  s ide  of ( 7 3 a ) ,  the approx i-  i F 3

m a t i o n s tanh l7~~~ 17 and sech 77~~ I a r e  employed;  —

w h i le , on the  r i gh t - h a n d  si~Ie, the  a p p r o x i m a t i o n  7 (0)  = 7 . ‘ -— . ‘

( F ( 7 7 )~ 10
(C.  71) ~~ aV

0 
7) is emp loyed. A con-  2 

~ II
ventional  p rocedu re  is to ass i gn the  cons tan t  a by -‘ 

-~ - ,
r e q u i r i n g  tha t  the so lu t ion  to the s u b st i t u t e  equa — Siflc e H = I -h a l , Z • Z I ( T I . w i t h  Z I r  I 1/’-
t i on  s a t i s f y  the o r i g inal  equation in an i n t e g r a l  Z~~( l  = 1./8 , z i 1 3 1 12 1 = ~~/ 3 i~r , i.~ I 2 t  ) - / , 4  

sense over  the range of independent  va r i a b l e s  of A 1(~~~( and Z (~ I , fo r  ~ 
‘ > 0 , ., .- . t ss i , n,,- s f  m u

i n t eres t , i .e . , 1 c ~ < a , o a 77 < a , This  pro— sa t i sf y the a p p ro x i m a t e  p a r t i a l  - l i f t . - m u - r i t i a l  e ’z, i -
ce du r e  is u nw i e ldy in t he p re sen t  case.  Here , for  t io n , ( 76) .
exp lic i tness , it i s t a k e n  t I~at a may be assi gned
b y the equat ion  of aY 0a’7 to ~ I F” 110 at the S u b s t i t u t i o n  of ( 7 7 b t  in to  ( 7 . t d y es
va lue of 7 7,  for w h i c h  the l a t t e r  expression is a , 

*
maximum.  ( 1)  If it is a r b i t r a r i l y t~ ken tha t  [A + Z A

i O~~ “ Oa ’ then , ~I F l  “ 0 ( 1 - I D  ) . y i th  
— ‘:‘ ~2 r  .- ‘ - ~~1

ID = tanh 17, is a maximum at 17 = tanh ( 1 1 , 1 3) ,  - A ~ I I  - 2 7  I - ~ Q = 0 ,

and a u 0.888. However , such a va lue  for the
fac to r  a is too l a r g e,  becau se 

~ 0 
has been set w h e r e  p r imes  denote  d i f f e r e n t i a t i o n  u~ i t h  r e s p e cl  t ”

to its maximum value , a value a t t a ined  onl y at C . Eq u a t i o n  of the  c o e f f i c i e n t s  of pox. er s  of  t7

la rge C and /o r 17, where the combustion term zero y ields

is small. (2 )~~f i,,t is taken that ~ V 
~~ ‘:‘ ‘ * -

I - ( I  -o ~ (cf. (51b) ) , then , a ‘f
~ecomes 7 - Z ( I  - 2Z ) = ~ 0 ; ~ iL, I

a?unction of ~~, i.e. , a = a(a) .  In fa
~

t
& 

the * *
equat ion  of a?) 2 to 0(1 ..Ø 2 ) {l - ( I  -~~~ I } at the A + 7 A 0 . 5 M I t t s ’

va lue  of 77 for w h i c h  th is  la t ter  expression is a 
* ~

maximum y ields a(~~) 0 .0928 . a( l ) i~u 0.387 , The solut ion fo r  Z i~~ ) is d e t e rm ined  to be

Such values for  a a r e  too small , because
t h r o u g hout much , th oug h not all , of that  por t ion  of 

- (S 4- I )  - (S - 1) E exp [ - s”
~ 

‘~~

the C , 7 7 - plane . w h e r e  the combust ion  t e r m  is = — 
r *

apprec iab le . Y~~~> Y e. . However , such est i-  4 I f E  exp ( - s  E I
mates suggest t~

’e range of interest  for values of 
* 

- - a
a for ph ysical ly  pe rt inent  values of the othe r S = ( I  +4 Q  I ;

parameters. A c t u a l l y, numerical  experimen- * *
ta tio n ‘y t I e  authors indicates that a(~~) ‘~u 0 . 2 8 , * 

( S  + 1) - 4Z .
al l) ~ 0.48, ... succeed fairly well. However, E a ,~, . ( l I l a )
t he adequacy of these values should be examined (S - I )  *42
in each instance.

Sinc e (S* f I l a  2 and since 4/tT~~ ~~~~c ‘~ ‘r ’ I i i ~~ 2

Under the transformations for ~ a a 2 , it follow s that F. ‘ (I for this

* * 
range of a). In turn , it is d e t e r m i n e d  t h a t t h e

( log ~~, 77 = Z a )  77, (75a) solution for A *(C
s ) is

X (C , f l)  ~ X (C .77 I , (75b) 
A

4’ 
A~ exp 

~~~

_ 
C 

‘ d( 1
‘0  l J

( 7 3 a )  t ake •  the f o r m  
2 ~ r I + F -

* 1’ 4’ * * * * = A L cx -~ I~ ’ i l I C  1 8 1 1 , 1
X • - . + 17 X , 

~~~

. - 2X ,15 sQ ‘7 X (76) 
1 +E ~~~xp f-s C i

12



* *Based upon these  so lu t ions  for  7 and A , it X - X - u -

is found t h a t  t he  app rox ima te  so lu t i on  for X(C, 17) 
> 0 s > I

x , . x : ,t akes  the  fo rm Q a 0 ~ I

- 

( 

1 4 - F  
)~~ C~~s * _ 1 )  

~~~C~~~~~~~~~~~~.x p  -x
~~~

,i
Fj  - 

*C
S 

E 1 bus , fo r  fi n i t e  c h e m i c a l  r i ,, 1 i O n . t r i -  I i , - 1  p r u ’ —
file tends to be of s rnalli- r v. i d t h  -‘ r id  21)5, g r i s t  ‘ s d  -

*

(S 4- l ) ~ — (S — I )  E ~~~ 
(t h a n  for  no c h e m i c a l  r e a c t i o n ) .

exp~~ ~~~~ 
* ~ * * 1

4- I

+ E 
~( 82I  

I I .  N u n n - r t c ; , l ~- s u 1 s t  5 5 u 5 5 5

Cs *
A c o n v e n t i o n a l  C r a n k- S i u l s o n  i n i p l , u  i t  f i n n , - -

d i f f e r e n c i n g  s c h e m e  c f .  B u s h , I i l I u m - I t s  IAs C — I 
Fendel I 9 ) is emp loyed l i i  o b t a i n  n s i m - r i c a l  S ’ u I  ~ 5~~~I I ~~
to the b o u n d a r y - v a l u e  p r o b l e m  of  - i S ’ . In  f a c t  -* 2X 1

F 
exp — - ~ a (4Z . 1 77 • (83a) program has been written to  s . u l v , -  t b -  r i s I t , - r , - : s ,  m a l

3 1
equat ion

*
with  Z . given in (78b) ;  whi le , as C ~~, 1’

X,
,~~ 

+ 2a~~X , - 4a (l

*
— *(S + 1 )  1 *X C exp 

~~~~~~~~~ 
(S + 1) 7 7 2 

~ . (83b)  a ( 8 a y B )  ‘ C D I I

t n  I
From inspect ion of th is  approximate, Gauss i an -  

[X
m

~~V
O~~

_ i C i C ( I _ o ~~Ia_ \ Jl ike  form for X , it is noted that  the width of the
prof i le  decreases  wi th  in~ rea sing  C. for fixe d 17, 14 - s a l ’
( T h i s  resul t  holds for (S + 1) > 4Z *, i .e. , E > 0 . )

* * Clea r l y, fo r  m = n = I , (4 5a ( ’ r e . l u s , - s  to l 4 ~~~l ,
For 0 = 0 and/or  S = 1. i .e . , for no chemi-  i . e . ,  this  model w i th  the m o r e  g e n e r a l I ~ o r d e r e d

cal reac t ion , the approximate solution of (82) r eact ion expression becomes the model t r e a t e d
becomes he re to fo re .  In the scheme used  h e r e , t h r e i - -p o i n t

d i f f e r e n c e s  approx imate  the d e r i v a t i ~- ,’s in  17

* 
~ 

* ) 
77

2 (84) 

(fo r 0 ‘ 17 a 9~ , w i t h  the s t ep  s ize  p r e spec  i f i e d(X 
~~ C + F 

exp _ a (  C and constant ( i . e . ,  ~~ 17 a 0. 11 ; while , two-point
d i f f e r ences  approximate  the d e r i v a t i ~ ‘-s in  ~
(cf .  S c hl i c h t i n g 29 ). Ex t rapo la t ion  of r a t e s  of

For this case: as C I change in C of previous steps establishes the
local step size in C (except , of c o u r s e , for  the
in i t ia l  s tep in C) .  The e v e n - s y m m e t r y  g r a d i e n t -

— - -a (2Z , ) t 7 } , (85a) type condi t ion at the  axis  is t r e a t e d  ( i n  s t anda rdX Y
Fj e,’

” 
* 2

fashion)  by the s implest c e n t r a l  d i f f e r e n c e  ex-
jus t  as for the general  case; while , as C press ion.  The value of the dependent  v a r i a b l e  at

the one point (external  to the f i e l d (  i n t r o d u c e d  by
this procedure  is e l iminated by hav i ng the  dif -

X 
~~Fj ~~~ ex p l-  a 7 7 2 ) .  (85b) f e ren t ia l  equation s a t i s f i e d  at  t he  b o u n d a r y  point

(Fox 33). For m ‘~ 1 , Tay lor s e r i e s  expans ions
a re used to l i n e a r i z e  t h e  nonl inea r ( c h e m i c a l  con-The self-simila r exact solution for X for the case

of no chemi cal reac tion, as calculated from (45) sumption) t e rm about the nomina l  local so lu t ion
for the fuel mass f r a c t i o n ;  t h u s , onl y a s imp lewith B = 0, is
inversion of a tridiagonal m a t r i x  is r e q u i r e d  for

X 
~ 
1
Fj 

-~~ 2 ~ the l inear algebraic equations arising from t he
- C (1 - tanh 77) • (86) finite-differencing. Convergenc e in 77 dependence

is taken to be e f fec t ive  i n v a r i a n c e  be tween  suc-
For C- ~ . it may be seen that the ap proximate Cess ive  approximations.
solution decays appropriatel y in 17 as 17-. 0, bu t too
rapidl y as 17 -. 0. Still , the general behav ior is T h r o u g h numer ica l  i nt e g r a t i o n , u s i n g  (8a ) ,
recovered. (23 a ) ,  and (5 0) ,  it is read i l y poss ib le  to  t r a n s f o r m

back to x, y-coordinatee from C, 77-coordi n a t e s .
Division of (83b) by (85b) indicates that, for
> 0 an d/or S~ > I • I.e., for f in i te  chemical It is convenien t to cha r a c t e r i z e  r e s u l t s  in

reaction , as C-. •  • terms of the integral of the fuel mass fraction ,
= IF( C ) .  and the n o r m a l i ze d  i n t e g r a l  of t h e

13



f uel mass  f r a c t i o n , T}. 
~~

1
F 

( C )  I
F

( C ) / I F, ( I I  = a t e -  c h a n g e s  in B ( s a y ,  a n  inc  r e a s , - s r  dc -c  r e - - is e -
I F / I  - • w h e r e  in m a g n i t u d e  of ~0 ” - ( ( I l a n g e - r t . pr - a t , - , ’ , , i , i t r ’ s n i  —

Ft c a t i u s n l .  In particula r , the mive rlapp in~ , u u i - x i s ’

- X d 7 7 ; I - - = ~ d f l .  ( 88) mean p r o f i l e - s  f o r  t b -  r e a , t a , s t  m i s , t s s  f r a t t , s n s w , - I I
F I- ‘-t o i known s i n c e  l i e - results s t  I lsiv _ ’ I r ’ s r n , - , 5 ’ e , f u ) i - l l  - i t s ’ )

I l o t t e l , I s a me r e -  o v u -  r i -- I I s v  t h e -  n s s u s l e - 1 ,  .- \ l s u u  r . - —
N u m e r i c a l ly ,  

~F 
is obta ined b y app l i c a t i o n  of c oy  i - red  by t h e  model  a r ,-  t I I I s , -  ( f l u  r e - a s ,  0 i i . ‘ I s - n ,

Simpson ’ s r u le .  dec rease  of the axial t e m p . - r a t u  r - . I .) F e  m o n , s —

t o n i c dci. r e a s e  o f t h e  a x i s e l t r m , - I  t o o l , -  f r i - t i o n , m d
V I I I .  R e s u l t s  ( 3 )  the m u n ot o n i c  inc  r . - i  si  ‘‘ I  t h e -  ax ,i s u x j d 5 , n t

mole f r a c t i o n , a l l  w i t h  I n c r e a s i n g  - i ’ ’ ~ n s t r , - m m
A re view of the e x p e r i m e n t a l  data on gaseous  d i s t a n c e , as r e p o r t e d  b y i- ent  end  Ii i L , - r . 11cr , - ,

t u r b u l e n t  fuel  j e t s  e x h a u s t i n g  i n to a i r  is u se fu l , the ai m is to po in t  omi t  o t h e r  exp e r t i m , . - s r t a l  ,- . i d , -n s - , -
befo re a p r e s e n t a t i o n  of the  p r e d i c t i o n s  of the  tha t  va l ida tes  th e ’  n i o d , - l .  F u r t h e -  r m o m s r e , t I , -
p resen t  model is g i v e n .  In t h i s  w a y ,  t h e rea der pr esent  model is  a p p r e c i a b l y s im p l e r  J ~.,n t h a t  s f
may be made awa re of wha t  hot-f low measu re -  Bange r t  a nd  R o a c h  in  t h a t  ( I I  i t  u s u - s  a c o o r d i n a t e
men t s  a r e  ac tua l l y ava i la ble to val idate  models,  t r a n s f o r m a t i o n  to c o r r e l a t , -  the  c o m p r e ss i b l e  and

i n c o m p r es si b le  e q u a t i o n s :  ( 2 1  i t  u s e - s an  exp l i u  i t
The  onl y data on planar  t u r b u l e n t  f r e e - j e t  d i f -  edd y v i s c o s i ty  in  p r e f e r e n c e  to a t w o - i - q u a t i s s n

f u s i o n flames (know n to the a u t h o r s )  a r e  the  ve ry  f i e l d — t y p e  c l o s u r e  to spec i f v  t h e  t u r l , ’ i I , -n t  d i f f u s i o n :
l im i t ed  measu remen t s  due to K r e m e r , who and ( 3 )  it uses  a f a c i l e  s e l f - s i m i l a r  t i s s u  f i e l d  ( f o r
examined ma in l y axia l  behavior  for c i t y  gas a s t agnan t  a m b i e n t (  in  p r e f e r e n u s  .- to , a l c ’ i I , m t  s n g

(p r inc ipa l ly  h y drogen and methane)  i ssu ing  f rom the  actual  n o n s e l f - s i m il a r f low f i , l ’ l .  -l lIes,-
a 150 mm slot. In 100 slot w i d t h s  downs t r eam , apprec iab le  s i m p l i f i c a t i o n s,  p r e v i o u s l y s h o w n  to
the axial fuel  mole f r a c t i o n  dropped by approxi- p e r m i t  approx imate  c lo s e d - f o r m  a n a l y t i c  c h a  ra us  -
matel y one-half;  whi le , the axial t empera tu re  t e r i z a t i o n  of the rriodel , a r e  r , - v e a l , -s l b e - lo w to
inc reased f rom 100°C to 800°C. A Reyno lds  s a c r i f i c e  l i t t l e  in the way  of p r e d i c t i v e -  apa i t y .
number  of 3320 , based on slot wid th , produced
a full y t u r b u l e n t  flame. Also qual i ta t ivel y,  the For a x iø y m me t r i c  t u r b u l e n t  f u e l  l e t s  e x h a u s t i n c
spreading of the reac t ing  flow wi th  downstream into 8tagnant  a i r  (fo r cases of h i g h  l e t  speed a n d
distance was less than that  of an i so the rma l  je t .  small d iamete r , such t h a t :  t he  H u s - y n o l d s  n u r o b et -  is
K r e m e r  recommends use of a turbulent Schmidt large , so that molecula r processes are neg lig ible
numbe r a r’~r 0 .75. 4- These few statements a r e  relat ive to ine r t i a l  e f f e c t s ;  and  t h e  F r o u d e  n u m b e r
about all the data available on p lana r jet  d i f f u s i o n  is large , so that  buoyan t  a c c e l e r a t i o n s  a r e  ne s t l i -
flames. g ibl e re la t ive  to i n e r t i a l  a c c e l e r a t i o n s ) , the  fol-

lowing experimental  r e s u l t s  a r e  r e p o r t e d .
Thus , it is necessa ry  to consider  experimental

resul ts  from fuel je ts  i ssuing from round o r i f i ce s , 1. Reynolds  n u m b e r .  Not onl y is t h e  le n g t h  of t h e
even though one can onl y qual i ta t ively compa re tu rbu len t  flame known to be but  w e a k l y  a f u n c t i o n
axisymmetric data with plana r theory .  It may be of the Reynolds  number  ( Hawtho rne , \ V ed de l l  and
remarked tha t Bangert and Roac h36 recent l y com- Hottel 15 ), but also the ax ia l  t e m p e r a t u r e  d i s t r i -
pared predict ions  (obtained by numerical  inte- but ion  is but weakl y dependent  on t h e  R e y n o l d s
gration), ba sed on a parabolic reactant-consump- number .  Kremer 16 s ta tes  tha t  the  n u m b e r  u t
tion model, ve ry s imila r to the one propo sed he re, nozzle diameters downstream at v. -h is It the maxi-
to the data (for the radial profiles of temperature, mum t e m p e r a t u r e  o c c u r s  is in s r eas e - s i  b y 2 5 ” , ari d
fuel mole fraction, oxidant mole fraction, and that the magnitude of the m a x i m u m  a x i a l  t emp e r a -
product mole f rac t ion)  furnished, at several down- ture is increased by 1 5’~~ , when the Reynolds
stream positions for an axisymmetric hydrogen  number  is inc reased  by a f a c t o r  of 4.
fuel jet exhausting into coflowing a i r , by Kent and
Bil ger 17 (see , also, Bil ger and Beck 18). Bangert 2. Tempera tu re  d i s t r i b u t i o n .  At  f m x i - . l  smal l
and Roach found that , for m = n = 1 , B 12 gave dis tances  downs t ream, the m a x i m u m  t e m p e r a t u r e
uniformly excellent agreement  between predic t ion occurs  severa l  nozzle  d i a m e t e r s  o f f  t he  a x i s
and experiment for the jet speed/coflowing ambient (Chi g ier and St r o k i n 37 ). ih e  r ad i a l  po s i t i o n of t h e
stream speed ratio ranging from 10 to 2; further- maximum, and the magnitude of the maximum ,
more, the re was rather weak sensi tivity to moder-  f i r s t , i nc rease , then , dec rease  with inc r e a s i n g

axia l distance downstream. The m a g n i t u d e  of  t h i s
_____________________ maximum, wi th  respect to d o w n s t r e a m  pos i t i on .

* 
r ises  but slowly after  about 10 n o zz l e  d i a m e t e r s

Kre mer ’s conclusion is based partl y on non- downstream; peaks at a value below th e - adia bat im
reacting flow data; however , for axisymmetric flame tem perature at about tha t d o w n s t r e a m  dis-
turbulent jet diffusion flames Eickhoff35 states:  tance at whic h the maximum goes to the axis
‘tompared to the data evaluated for non-reacting (roughl y 100 diameters); and , then , des reases
jets ... , there seems to be no si gnificant in- appreciably w i t h  fa r t he r  downs t r eam d i s ta n c e
(luence of combustion on the ratio of turbulent (Kr emer 16 ; Lockwood and Odidi 38 ) . I he t e m p e r a -
momentum to mass transport, “ ture on the axis r i ses  mono t on ica l l y m i e t t i l  a b o u t
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100 d i am e t e r s  d o w n s t r e a m;  t h e n ~ dec r ease s f o r  an en e r t  s p ec i e s .  e n a n  - e x m s y r n n s e - t  r is  si r b s m l t - n t
l K r e m e r Rm : ( u i e- n t h e r  and ~~~~~~~~~~~~~~~ These  r e —  je t  d i f f u s i o n  f l a n i e  e n t p l o y i r i g  i r i e t i L e  s i c  i n  s t~ , g n - s ’ s t

m a r k s  c o n c e r n i n g  the  t e m p e r a t u r e  f i e l d  hold for a i r  at  an  e x i t  R e - ~’ n o I d s  n u m t , e r  “1 e , ” O ( I , s e t  i s f . -~
a c of low i ng ox ida n t s t rea m as we l l , w h e t h e - r  tha t  s i m i l a r i t y  co n c e p t s .  in  t I ,~e t t i m e  F 5 - i S S i u ’ , - ’ , s a  I - ,  r
s t r e am be heated (1 a k e n o  an d K o t a n i 40 ) o r not  f i e l d  I l l  d e c a y s  I m e i n o t o r t i c i l l y i  ‘, x I m  l v . ‘- -- s ’ . t h i s

Kent  and B i l ge  r 17 ; Bi l ger  and Beck 18 1 . u l es ay  i n v e rs e - l v  p r ’ s p ’ c r t i o n m  I t o I s e ~ f i  r at  ps - u r i s ,
t h e  a x i a l  d i a t s i n u e - :  ~~~ s i . - s ty 5 I f l h u i n u u t s u m i s ,  a l l - , -

3. Flame contour Iloceis of equal (stoich iometri— radia ll y, wi th this ~l i - c , ’ , a ( i  a s i a n s  ‘ in ,  c, - )

ra l ly a dj u~ ted (  mass f r a c t i o n s  for  fuel and o x i d a n t , t h e  s q u a r e  of t i t e ’ ra r l i al r l i s i ; , n s  e/ ; , - nu ~ - I r ~~ t , s t ,

v . -here ,  ex p e r i m e n t a l l y ,  a n e f f e c t i v e  composi te  r a t i o .  1 he r a t e  of a x i a l  di - ’ av  s m h o u m t  ‘1 . 4 1  t n - s

fue l p rof i le  i s  d e f i n ed i .  As i n t e r p r e t e d  b y Z imon t  as rap id  as t h a t  for  t h e  n ’ e n r i - s i c t i n e :  - - u s , - ,

and M e sh c h e r y a k o v , ~ Kr em e r l6  f i n d s  tha t  the
flame con tou r :  f i r st , increases  w i t h  d o w n s t r e a m  S . Rate of spread . I , i r i , s  I t - n t  m x i s y n s i i t e - t r n s  e-t

d i s t ance :  t h e n , dec reases  to the ax is .  However , d i f f u sio n fla m es I i 4 e v e -  I . i n g  i c - e n  e n - ~~-, 0 u i  h ay , - -,

the f lame c o n t o u r  envelopes the max imum tem-  si g n i f i c a n t l y lower  ra te -  s f  s p r’ - ar f  t m r , a u , r t s t a - - ; -
p e r a t u r e  c o n t o u r  I i .  e. • t he f lame con tou r  l ies  at dens i ty  n o n b u r n i n g  j~e-t s I , i - , - r  and  Clog  ie r ~
a la r g e r  r ad ia l  PO~~it iO f l  at all downs t r eam stations , Ch ig ier  a nd St r o k i n  ‘ I .  Vs h cr e ’a s  a ‘ i s u , , o s i r n i n C  t i - I

and  goes to the  axis  f a r t h er  d o w n s t r e a m  t h a n  does may spread  at  a ha I f - a n n i e -  01 ~~ 7. ‘°, c ’~ ’i r s m r i g
the  ma x i m u m  t e m p e r a t u r e  l o c u s) .  M e a s u r e m e n t s  jet sp reads  t y p i c a l l y at ‘ - ~~°. As  m u t e r !  b y
of the  d i s t a n c e  d o w n s t r e a m  at w h i c h  the f lame Z i m o n t  and N l e s h c h e r y a k o v , 4 1  C oot  m r i L a t s u r v  - u

co n t o u r  goe s to t he  a x i s , i . e .  • the flame l eng th , de nce is p r e s e n t - r i  b y Kr e r n e r .  lb  In  t o ,  t , i i i  a

a re  given by K r em e r ,16 who  found tha t  for other  r e lated s t a t emen t , Zi mon t  a n d  \ l , - s h c ) n , - r v , , k , ,v

pa r ame te r s  held flea r l v  cons tan t,  a c i t y — g a s  (H 2, note tha t , in a no n r e a c t  ing je t , t h e  a n a l s u g o u s  c m , r -
CU 4, CO. C n U rn ; N 2, C02 1 t u r b u l e n t  jet  d i f -  tour  for  the  ana logous  p a s s i v e -  s c a l a r l i n t - a r
f u s i o n  f l ame  is one -and-one -ha l f  t i m e s  as long as coup l ing ,  or Sh v a b -Z e l d o v i c h , f u n c t i o n )  i s  u n -

a c a r b o n  monoxide f l ame , and  a h y drogen  f lame is f o rml y en velo ped by t he  f la me c o n t s , u r , and  l ’s, -

tw o - a n d - o n e - q u a r t e r  t imes  as long. Most o the r  axia l  i n t e r cep t  in the  n o n r e a r - t i n g  c a s e -  i s  v e ry
p u r por t e d  m e a s u r e m e n t s  a re  based on v isual  nea r l y half the  d i s t anc e dov.-n s t r e a r i i  t h - ,t h o l d s  f o r

obse rva t i ons  (c f .  , e. g. • Hawthorne , Weddell and the  reac t ing  case. Ef f e c t i ’.- mnl y ,  t h e n . ) ‘ is res l - i s - ,- ’ l
}-Iottel t 5 ) and a r e  not reported here.  Incidenta l l y, fo r  the r e a c t i n g  case.  Eq u i v a l e n t l y.  x~ i s re-
B rzu st o w s k i 42 f inds that  publ i shed ana lyt ic  cx- duced . s ince  x~ a nd V a r e  l ines  r l y p r o p o r t i o n a l
p res sior i s , a s se r t ed  by the i r  proponents  to be th roug h z 1 , i .e . . x 1 z~~ - (The concept c s f

adequate f o r  p r ed i ct i ng  flame length , are  not modif y ing x1 . in a contractual-mapping-t ype
adequatel y ve r i f i ed .  Thi s  is not unexpected , in empir ica l  ad jus tmen t , as opposed to m o d i f y i n g  y

tha t  such fo rmulas  include una t t a ined  quant i t ies , in a r a t e - o f - s p r e a d - t y p e  e m p i r i c a l  a d j u s t m e n t ,
suc h as the adiabat ic  flame t empera tu re  ( e . g .  • is set fo r th , for  example , b y V u l i s  and  ‘i a r i n  44 (
Hawthorne , Weddell and Hottel 15 ), or i l l -def ined
q u a n t i t i e s , such as~ the mean flame dens i ty  (e. g. , 6. Velocity Field. C~ij g i e r  and S t r o k i n  and Z i m ont
Beer and Ch i g ier 2 ). and Meshcheryakov furnish particularly clea r

comparisons between n o n r e a c t i n g  and r e a c t i n g
4. Species prof i les .  On the axis,  the fuel  mass jets , for axial  decay of the v e l o c i t y  and d y na m i c
f r a c t i o n  monotonically decreases,  while  the oxi- p ressure .  The decay f rom i n i t i a l  value is re-
dant  mass  f rac t ion  monotonically inc reases, wi th  duced ire  the reac t ing  case .
inc reas ing  d is tance  downstream. The product
mass f rac t ions  increase  unti l  the fuel is v i r t u a l l y 7. Turbu len t  d i f fus ion  c o e f f i c i e n t .  W h e r e - a s  t he
exhausted , and the maximum axial temperature is previousl y d iscussed  quanti t ies may l ie  di r ec t l y
achieved;  the n, the product mass fractions de- 

1 
measu red, ~~is quantity must be deduce- I. (Th~~ier

c rease with further downstream distance (Kremer and Strokin and Z imon t  and Meshcheryakov
Guenther  and Simon 39 ). At  a fixed downstream concur that, axially, the turbulent d i f f u s i o n  coef-
station , the fuel mass f r a c t io n  decreases mono- fic Lent for the r eac t ing  case is sma l l e r  than  t h a t
tonical l y and the oxidant mass f rac t ion  inc reases for the nonreac teng  case for  abou t  10 n o s t zt e
monotonicall y, wi th  inc reas ing  radial distance d iameters  downst ream;  however , b y SO no z z l e
from the axis .  At a shor ter  downst ream distance , diameters  downstream , t h e  r e a c t i n g - ’e t  c o e f f i c i e n t
the product  mass f rac t ions  increase to a maximum is twice  as la rge , and , b y 100 n o z z l e  s l i a m e t e r s ,
a few nozzle diameters off the axis ; then, decrease, three times as la rge. Chi gier and S t r s ’k  in 3 ’  a l so
At about the same downstream distance at whic h sugges t  that the t u r b u l e n t  d i f f u s i o n  c i , , - f f t c i e n t
the fuel spec ies are effectivel y to tall y depleted and decays to one-third its axial value  at l a r g e  r a d i a l
the maximum temperature is f i rs t  achieved on the distances,  at distances of 20-30 nozzle diameters
axis , the maximum of the product mass fractions downstream.
is also achieved on th

1 
axis (Hawthorne, Wedd~ ll

and Hottel ~~~; Kremer  6; Lavoie and Schlad er 4’ ). Attention is now t u r n e d  from e x p o si t i o n  of
These same charac te r iza t ions  hold for a co(low in~ experimental data to presentation o’ p r e d i c t i o n s  of
ambient oxidant Stream as well (Kent and Bil ger t~~; the model. F i r s t , however , i t is no t e d  t h a t , eni-

Bilger and Beck 18). Chig ie r and St rok l n37 show pi r icall y, V 7 .67  for the  plana r n o n r e a c - t i n g  case
that a passive sca la r , such as the mass f r ac t i on  (Sch l i ch t i ng 29 ); it is known that V is reduced in
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val u e t o t  t h e c h e m ica ll y r e a c t i n g  ase (Kremer 34) . i t e r a t i v e , a nd O s e e n - l i r m e a  r m , e d  s o l i i t i o ,n s  w i t h  t I n s -

He r e ,  base d upon  a x i s y m m e t r i c  data , si nce  known exac t s o l ut i o n s .  f o r  e r  r ’ s r  a s , , I v s i s .  1-or
qua n t i t a t i v e  p la nar  data a r e  not a v a i l a b l e , V is B 0 , t he o ma s s  f i ’a-  t i m e r m s to  r t s s c - l  -i  s i r ?  ‘ ‘ x m d a n t ,
s , - t  equa l to o n e — h a l f  of i t s  Ine rt  v a l u e,  Second , in d i v i d u a l l y ,  a r e  pa s s i v e  5 ’ ue l a r m s . ‘~A

the  s p e c e f i 5  case  chosen  f o r  s tud y is a plana r f lux  i n t e g r a l s  ( c f .  ( 3 5 )  I .  I’ u ’ r  I t  0 , ‘ u s  e ‘5—

t u r b u len t  je t  of p u r e  c a r b o n  monoxide  gas at room per ted tha t  N 1 
I N ,~~ , ‘ s r  - I . - - . he-  re

tempe r a t - i r e -  e -- ’*-eus t i n g  into s t a g n a n t  a i r , w it h
t he r e a c t i o n  taken  to proc eed  by a d i r e c t  one-s t ep
ir r e v e r s ib l e  m e c h a n i s m  to form the  product  gas ‘s~ (~~) ( 1  - r , i n h

2 
‘7) ‘ X~~~, 171 ii’? :

n i  rhon  d iox  id , - . . ”ec co r di n g l y, pa ramet r i c  values
C r , -  as s igned  as fo l lows  : = 0.638 , Y =

~~~ 
“ 01 

O~ T = 1 , Q 6 . 4 , and )’ 3~~~35. a

The pa r a m e t e r  & is to be set equa l to e i t he r  ~ N~~(~~( ~ 1 - ta ri h  ‘i i ’  N ’  I . ‘1’ ‘ii . -~
-)r I ;  w h i l e , YB is to be set equal to 0 , 0, 1 , or - 0

I • for  purposes  of compar ison .  F ina l l y ,  in the
expres s ion  fo r  mean reactan t  consumption , the I h e a c c u ra s  y of  t h e  nur r i e r m c . e l  m n t & - g r ,e l i o n  a

exponent on the fuel  mass f rac t ion  m is to be cha r a c t e r i z ed b y t h e  r e - s u i t s  ‘h a t , s , r  1 I , - i t

set equ al t o ei t h e r  1 or  2 , for  pa ramet r i c  stud y ;  = ~~~~ 0. 2 es ’( 5 s , N 0. ~~
- ~~ : r,~~h s l ’ . a t

w hi le , the  exponent on the oxidant mass f r ac t i on  = 140 . N 0. 0888e , N 0. ( ) M 7 e , 4 , I he a x i a l

ii is to be set equal  to I . Clea r l y, the v an — v a l u e s  f or  I h e  f u e l  m a s s  t~r a c t i o n , X n ~~ ’) 5 X ° t~~ I

abil i ty  i n a s s i gnment of va lues  for ~ , )‘B. and found b y t h e  i t e r a t i o n  s c hem e  a r e -  u n i t u s t - m l s  1. ’ ,ss

m ref lects  uncer tain t y concern ing  appropr ia te  tha n l~~’ d i f f e r en t  f ro m  ( s m a l l e r  t h a n  I I l , ’ s , ’ for in i l

values of these pa rameters,  b y the  n u m e r i c a l  i n t e g r a t i o n , fo r  I ~ c 1 l~~) -
The values  for  X°(~~) f o u n d  fmv t h e -  O s e e n - l mn e a r-

Some r e su l t s  may be noted p r i o r  to the compu- iza t ion  me thod  r a ng e  between 4 and? I I “ - be low

t a t i o n s .  F i r s t , for  a pure  fue l  jet  exh~ u st i n g  i n to t hose fou n d b y the  n u m e r i c a l  i r m te ~~r a t i o n , s c a n ’ s .
i nv it ia te~~a ir . the  f lame length ~~ ~ 

-), l + ( l 2 8 I ~9/ for  1 ~ ~ 140 . For 13 , t h e  f l u x  i n t e g r a l s

Im F
V

F
) 

- 
. For h y drogen , V~~~ = I 11

F = 2 , i ncur  about  the  same p e r c e - n t a g e  d i s c  r -pa n v as
rn 2; w h i l e , for  ca rbon  monoxide , 11

0 
a j , f o r  ~Y = 1 ; however , the  ax ia l  v a l u e s  found  by

F 2 ,
h E m F 

= 18. Thus , the  flame length  for  i t e ra t ion  a r e  u n i f o r m l y le ss t h a n  l ’~ too low , w h i l e

y d r o g e n  is apprec iabl y longer  than that  for  carbo n the O s e e n -l i n e a r i z a t i o n  v a l u e s  a r c  up to L O s T too
monoxide , although q u a n t i t a t i v e  compar i son  is h i gh , re la t ive  to X°(~~) oh t a tne e i  n u me r i c a ll y ,  f o r

l imi ted  b y the  fact  that the approximat ion  of com- I ~ ~ 140 - ( C l e a r l y ,  a d j u s t i n g  t h e  O s e e-n  c o n s t a n t

parable  molecular  wei g hts fo r  all species has been a does not ava i l  for  B = 0 , a n d , in  f a c t , i n t r o -

adopted.  In any case , it ma y be p r e m a t u r e  to duct ion  of a second Oseen c o n s t a n t  w i t h  r e s p e c t  to
a s c r i b e  d i f f i c u l t i e s  in p r e d i c t i n g  t u r b u l e n t  je t  anal y t ica l l y mot iva ted  m o d i f i c a t i o n s  of t h e  flow

d i f f u s i o n  flame lengths  to the neg lected role of f ie ld mi g ht have been u n d e r t a k e n  f o r  p u r p o s - - s  of

mo lecu la r  d i f fu s ion  (S palding 13 ) . as opposed to bet ter  recovery  of the fue l  mass  f r a c t i o n  f i e l d  in
inadequate modeling of large-scale mixing. Also, the frozen case; however, t h i s p r o c e d u r e  was not
s ince ~ = x /x 1 ( 4 T - / 3 )  i x !) ’) ,  it becomes evident  adopted. )
tha t the emp i r i ca l  dé1c r eaae  in V implies , w i t h i n
the context of the  p resen t  model , a dec rease in Resul ts  for the nomina l  case . s .  e., YB 1 ,

the ax ia l  decay of the veloc ity and of a passive m 1, ~ I , ~ *,  are plotted in F i g s .  ~~ - I I .

scalar ( c f .  ( 3 2 b)  and (41), respectively). Further , For 77 = 0 , the monotonic decrease of V and

s ince  C = DT 2 ( 3 / l ( , )( 4 T / 3 ) t ( x /V 3 )t T Z , the PU 2 ) ,  and the monotonic  i n c r e a s e  0? Y ) ,
F

w i t h

empir ica l  decrease in V.  Lut eventual  inc rease inc reas ing  ~~, are  de pic ted  in F i g .  2 . 1 he m o n o -

in T owing to chemica l  exothermic  i ty ,  implies , tonic dec rease of Y and t h e  m o n o t on i c  i n c r e a s e -
within the context of the present  model , that  the of Y 0, w i t h  i n cr e ae~rn g  ‘1, at a ny  t m x ed  ~ ~ I

turbulent diffusion coefficient for r eac t ing  flow s is a r e  depicted in F ig .  3. The n -eax imum t e m per a t u r e

modestly smaller than for frozen flow at small occurs off the axis for ~ I I .  M~~ (the f l a m e

downstream distances, but appreciably la rg er fo r tip distance), but , then , goes to the  a x i s  fo r  l a r g e r
large downstream distances. Thus , the present  • As seen in  Fig.  4 , the  m a g n i t u d e  u t  t h e  maxi-
model , for  empir ical ly ass igned )‘, can recover mum temperature i n c r e a s e s  ~ i t h  i n s  r e - a s i n g  ~ f o r

several  know n trends in the data. (<  (
~~

, thoug h most of the  inc rease  oc, s i r s  at  rela-
t ivel y small ~ ; then , t h i s  m a g n i t u d e  r h -c r eases  f o r

Consideration of the frozen chemistry case , > ~~~~. 1 hese r e s u l t s  a r e  amp l i f i e d  in  F i g .  5 ,

with B = 0 , permits comparison of the numerical , where it is show n tha t , a t  g i v e n  ~~. th . -  v -p o s i t i o n
of the locus Y a Y = X inc r ea s e - s .  t h e n , de-
c reases , wi th  Pn c r em~si n g ~ , but , n e v e - r t h e l e s s .
always exceeds the y - p o s i t i o n  of the  m a x i m u m

It is recalled that ( m Y~~)I(m
0V

0
) ,  temperature. All these results are c o m p a t i b le  in

t rend  w i t h  expe r imen ta l  data , d i s c u s s e d  e a r l i e r ,
= ( m Y ’)/ ( rT

F
V
F) .  where  m = m

0
V0 + 

and are of plausible m a g n i t u d e , who- n , i l l o w an c e  is
m
1

V
1. and is the mass f rac t ion  of made for the plana r geomet ry .  W h e n - i s  F i g s .  ~ -5

species i • involve the numerica l  so lu t ions  o n l y .  l - i g s .  ii -  10
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i nd ica te  the a d e q u a c y  of t h e  a p p ro x i m a t e  methods  ( H  the  p o s t u l a t e - d  n s e , e t e - I  c a p t u r e - s  t~~ e- , - s s e ’n t t a l
i i i  so l u t i o n .  ( H e r e , for  13 . t he  O s e e n — l i n e a r —  ph y s i c s  ( i . e . , t h e  e x p e r s r t n e - r m t ; e l r e - s L i I t s s  s s ~~ the-
izat ior i  c o n s t a n t  a is set equal  to 0. ~8. a s opposed t u r b u l e n t  p o r t i o n  of t h e -  p l a n a r s e - I  

~ - - and -~ - ne -
to the 0 .2 8  va lue  sugges t ed  e a r l i e r  a f t e r  n u m e r i c a l  g i v e n  a p p r o x i t i m e t e  s o l u t i o n s  ‘ se p t S r . -  ‘ s e  ‘ - 8 5 c m  P

e x p e r i m e n t a t i o n . ? Fi g. I I  re v eals t h a t , i n the the  model.  It  is a u g g e - s t e - r i  t h a t  s t ’ i s i : u - ~~ ‘f
conse rva t ion  equa t ion  for  fuel , t u r b ulent  d i f f u a i o n  pa ramet  n i . c a s e s ma’, r u e -  t i i a e l e -  u s  i n g  I h u -  a p p r ox ,  -
and t angen t i a l  ( s t r e a m w i s e)  convec t ion  balanc e mate  s o l u t i o n s , r a t h e r  t h i n  h i -  - - ‘ s s i r i s  e 1  g o i s s ’ n _ u r n s .
nea r the  axis , m u ?  no r ma l co nv e c t i o n a n d che m ica l
r e a c t i o n  ( c o n s u m p t i o n (  p lay a si g n i f i c a n t  role off O e - f e - r e ’ i i ’  c-s
the  a x i s ;  at l a rge  d i s t a n c e s  f r o m  the  axis , d i f f u s i o n
and no rma l  c o n v e c t i o n  dominate .  It seems w o r t h  1

K e rh e r , Ft • !~ . • F m a n s m e - I . C. , s , d  Vs u n i t  m e  r ,no t i ng t h a t  p laus ib le  p ro f i l e s  a r e  gene ra ted  by a
J .  S. , ‘‘ Co m p u t e r  M o d e l i n g  a n d  Pa r , r , . , -t  n c  Sl u s h ,-model tha t  u n i f o r m l y  p e r m i t s  no consumpt ion on
of a Pulsed II ‘ I-~ L a s e r , ‘ Ap p I . (Jpt i s  a , V~ m l .  I I ,the  ax is . pp. 1 1 12 - 1 1 2

In Tab le  I , n u m e r i c a l  r esu l t s  for the nomina l 2
Davies , P. 0. A. I~. a nd - s s I , - , ,\ .

case a r e  compared  wi th  numer ica l  resu l t s  obtained “C o h e r e n t  S t r u c t u r e s  in 1 u r h u l e - s i  e , I . J- l u i e lf r o m  the  model by sequent ial l y a l t e r ing  one param-
Mech. , Vol. 69. 197 5 , pp.  c l t - 5 3 7 .eter at a t ime. Increas ing  the t u r b u l e n t  Schmidt

number  inc reases  the axial values of the fuel mass 3
R oshko , A . ,  ‘S t r u c t u r e  of I u r b u l e n t  ~~ ., -, rf r a c t i o n  and the d is tanc e off axis of the flame.

I n c r e a s i n g  the fuel  or oxidant exponent in the con- Flows: A New Look . “ A I A A  3. ,  \‘ u~I .  1 4 , I - ’ - r - ,

sumption term decreases the amount of fuel con- pp. 1349-1357.

sumpt ion;  while , i n c r e a s i n g  the e f fec t ive  t u r b u l e n t  4
Bush , W. B. and Fende l l , F .  I ., ‘D i f f u s n s s s ~-Damk’e h le r  n u m b e r  )‘B increases  the amount of

fuel  consumption.  (B y numer ica l  experimentat ion flame S t r u c t u r e  fo r  a I w o - s t ep  C h a i n  - ‘ u - a  t i o n ,

for  the  case of yB = 13 = m = n = I , in the Oseen- 3, Fluid Mech. , Vo l. 68 , 1974 , pp. 7 0 l - 24 ,

l i n e a r i z a t i o n  model , a = 0 . 6 2 . as opposed to 5
C a r r i e r , G. F. • F e n d e l l , F . F .  anda = 0.48 , mentione d above , g ives closest agree-

ment  wi th  the  resul ts  f rom the f i n i t e -d i f f e r enc e Marble , F. E. ,  “The Effec t of S t r a i n  R a t e -  on

in t eg ra t ion ;  in fact , the axial fuel mass f rac t ion  is Di f fus ion  Flames , “ S I A M  3. App l. Ma l l s .  - Vol. ~. 8,

missed , i.e. , over est imated, by less t h a n  1% ,  1975 . pp. 463-500.

for  I ‘~~ ~~30.) 6C a n r i er . G. F. and Fende l l , F. I- . ,  “The

In conclusion , the authors  feel tha t , in the pres- Ef fec t  of S t r a i n  R a t e  on D i f f u s i o n  F lames .  I I .

ent paper , the follow in g have been demonstrated:  Large  S t r a i n i n g ,  “ S I A M  3. App l. M a t h . ,  Vol .  30 ,
1976 , pp. 5 1 5 - 5 2 7 .

Table I .  Calculated Resu l t s

= 3 ~ = 8  r 1 1 . 8 2 1

Case X0 
1
F X

f ‘if 
X TF X

f 
tl

f X~~X f TF(‘B , a, m, n)

Nom inal 0.787 0.461 0.346 1.31 0.388 0.224 0.298 0.645 0.288 0.165
( I , ~~, 1 , I )

a = 1 0.798 0.458 0.339 0.876 0. 399 0.224 0.305 0.449 0. 2’~M 0, I r e
(1 , I , 1, 1)

m = 2 0 . 8 0 3  0 .495  0. 381 1 . 3 1  0 . 4 3 9  0 . 2 7 5  0, 3 5 3  0 .6 4 5  0, t48 0,218
( I , *, 2 , 1)

YB = 1 . 8  0. 740 0 . 4 1 4  0 . 3 0 2  1 . 3 1  0 . 3 3 2  0 . 18 0  0. 246 0. 6 4 5  0 . 2 34  0 . l 2 ~~
( 1 . 8 , è, 1 , 1)

n = 2 0 .862 0 . 52 9  0.406 1 . 3 1  0 .478 0 .289 0.380  0 . 6 4c  0 . 3 t 0.225
(I , L 1 , 2)

Notes:
(I) Y

F
(
~
.0;...)=X°(

~~
; . • . )  is dert ot ed abov e by X°(~~), 

—
(2 )  I

F (C ; a )  = I
F
(
~
;a )/I

F
(l;a ) = IF (C ; a )/ I F.(a ) is denoted above by I F

(
~~

) : I ( *)  = 2 . 4 4 , 1 l I  - l . So .F t F i
( 3 )  X(~~, ?7~; . . . )  = X~~~; . . . )  is deno ted above by X f

(~~)~ with 77f
(~~:a ) denoted by ?7~(~~) .
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mass fraction 
~F 

(solid curves)

the Integral of 
~~~~~ 

over and the oxidant mass fraction

the transverse similarity 
V0 (dashed curves) are given as
a function of the transversecoordinate n , I~(F~); and the similarity coordinate 

~~, 
at

axial dynamic pressure, p (F ,O)” several values of the stream—
U2(~,O). wise similarity coordinate ~~.
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as a function of the streamwise by numerical integration , by
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~ 1 (where ~ = 1 is the break ear-i zation (a = 0.38).point): the value of Y0(= ~~at the flame locus for ~ ~ 11.82(where E = 11.82 is the flame

tip position), this curve giving 09
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0 1 2 3 4 5 6 7 8 9 10 thstance downstream of the
fl flame tip i~ = 11.82, the values

of the terms comprising the
C model mean equation of conser-

vat-ion of the fuel species
[tangential (streamwise) con— —

vection , transverse convection ,
FIg. 9. Analogous plot to Fig. 6, for turbu lent diffusion , and con—

= 11.82 (the flame tip sumption (chemical reaction)]
position), are given as a function of the

transverse similarity
coordinate n.
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